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Summary
In this thesis, we investigate the problem of density stratified interfacial flows of immis-
cible fluids in the shallow water limit. We focus our attention on the two-and-a-half-
and three-layer flows, with and without the so-called Boussinesq approximation which
requires small density differences. The governing equations are carefully derived and
the dynamics of their solutions are studied from both analytical and numerical points of
view, particularly the issues of modal decomposition and whether a solution maintains
hyperbolicity (i.e. wave-like behaviour) or not. New explicit criteria for transition to
the elliptic regime are provided using dynamical systems techniques. The existence of
invariant hyperbolic regions is proven and examples are constructed using the so-called
simple waves. In addition, the mixing and entrainment phenomena are discussed and
modelled for the case of a two-layer shallow water flow. Extensions and future work
are suggested at the end.

‘Creio que a verdade e´ como uma sinfonia. Na˜o estamos aqui a conversar,
mas se amanha˜ nos pedirem para relatar o que se passou, cada um tera´
uma versa˜o diferente. So´ se unirmos as va´rias verso˜es, as va´rias vozes,
conseguiremos construir a Histo´ria, que e´ uma soma dessas experieˆncias
individuais. A Histo´ria colectiva e´ uma grande mentira. Quando ouvimos
as pessoas, elas dizem coisas inesperadas, coisas que na˜o sab´ıamos.”
SVETLANA ALEXIEVICH1
1Extracted from an interview given by Svetlana to the Portuguese website Publico.pt and published
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This thesis concerns the study of internal waves in fluids, particularly on the issues of
dynamics, stability and breaking.
One can start therefore by the simple definition of wave, such as T. G. Zielin´ski’s
[Zie] (after D. J. Acheson’s in his Fluid Mechanics monograph [Ach90]), who defines
waves as “the transport of a disturbance (or energy, or piece of information) in space
not associated with motion of the medium occupying this space as a whole”. While
this is a useful concept, it cannot be considered a general definition, as tidal waves
(for example) could be interpreted as being associated with appreciable mean motion
of the medium (in this case the ocean). Although the lack of a rigorous definition for
the concept of waves does not obstruct mathematical studies in the area, it is always
important to consider the physical context of the problem when working with waves
[BK00], [Mun50].
Waves in fluids, when compared to mechanical (e.g. sound waves) or electromag-
netic waves, do present an additional and substantial difference: while (for instance)
both sound and light waves do not interact with each other, waves in fluids do interact
with each other, usually in a very complex way. This behaviour is reflected by the
mathematics of the problem: sound and light waves are linear phenomena, modelled
by linear equations, which satisfies the principle of superposition; on the other hand,
waves in fluids are usually a highly nonlinear phenomena, whose fundamental model is
the Navier-Stokes equations [CRB11]. All these complications motivated the famous
quote of Richard Feymann, made in 1963 on the occasion of one of his lectures at
Caltech [FLS89]:
“[water waves] that are easily seen by everyone and which are usually used
as an example of waves in elementary courses [...] are the worst possible
example [...]; they have all the complications that waves can have.”
The first studies on waves in fluids date from Lagrange and his hydrodynamic
theory [Sto48]. Most early studies of waves in fluids can be seen as the study of small
disturbances in a fluid medium, with one of the principal examples being ocean surface
waves [Sto48]. For such an ocean wave model, the main hypothesis are [Lan13], [Sto48]
that the flow is irrotational, incompressible and inviscid. This leads from the Navier-




= −∇p− F, (1.1)
∇ · u = 0, (1.2)
where u denotes the velocity field, p the pressure field, F the external forces field and
ρ denotes the density of the fluid, which can be constant or not. These equations
are usually the starting point for any mathematical study of waves in incompressible
flows. Boundary conditions are of crucial importance as the waves usually present
themselves as the motion of the boundary. Hence, the fundamental problem is one
of the incompressible Euler equations with a ‘free’ boundary. Further details of the
boundary conditions in our particular settings will be given in Chapters 2 and 3.
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1.1. The Shallow Water Limit
A class of waves that it is of great interest is the one of waves propagating in a shallow
region of fluid, also called shallow water waves. Most of large scale geophysical waves lie
in this category [HM05], as the wave cloud shown in Figure 1-1. Physically, these are the
waves whose horizontal characteristic dimensions L are much larger than the vertical






Figure 1-1: NASA satellite image (MODIS imager on board the Terra satellite) of a wave
cloud forming off of Amsterdam Island in the far southern Indian Ocean. Image taken on
December 19, 2005. Credit: NASA. Reproduced from Wikipedia (open source).
Hence, the shallow water case occurs when µ 1 and, for this reason, we refer to
the asymptotic case µ −→ 0 as the shallow water limit. Some authors [Con11] consider,
for physical purposes, the shallow water range as being µ < 0.07. Therefore, a classical
example of a shallow water wave is a tsunami: it usually satisfies µ < 0.07 as the
deepest point in the ocean is attained in the Marianas Trench of the Western Pacific
Ocean at 11021m [Con11], while a tsunami wavelength can be 200km long. This is also
the case for the cloud waves in Figure 1-1: the wavelength is about two to three times
bigger than the diameter of the Amsterdam Island (which is about 6km), while the
distance measured from the sea level is of a few hundred meters. Other very appealing
examples of shallow water waves are given by solitons and undular bores (see Figure 1-
5) that are observed in the ocean and in the atmosphere [LWV15], [YFC+09], [SO98].
These occur when µ is small but not zero.
The first model for shallow water waves was proposed by Adhe´mar Jean Claude
Barre´ de Saint Venant in the context of river hydraulics [Cra04]. These equations,
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known as the St. Venant or shallow water equations, read in the dimensionless form as









where h represents the layer thickness and u the horizontal component of the velocity
field. These equations consists in a particular case of what is called the water waves
problem, which is a very active topic of research in Mathematics, which a lot of attention
devoted to the rigorous study of analytical properties of these [Lan13].
Although waves in shallow water are so common and striking, the works of St.
Venant and others (such as Joseph Valentin Boussinesq [Sto48]) were for many years
neglected by the hydrodynamicists and mathematicians, and did not receive much
attention until the late 1940’s [Sto48], when interest in the problem was rekindled due
to the study of shock waves for applications in war. As the gas dynamics equations are
very similar to the shallow water equations, further interest in the topic started again
[Sto48], [SS53], [Ovs79]. The latter were also interested in this as a model for waves
that arises in the interface between two fluids, starting therefore a new field in Applied
Mathematics of the so-called internal waves, discussed in the next section.
1.2. Internal Waves
The existence of internal waves in geophysical stratified flows is an ubiquitous phenom-
ena, with the ocean and the atmosphere as prime examples [CRB11]. One of the first
scientific investigations of internal waves was in 1893, when the Norwegian oceanogra-
pher Fridtjof Nansen experienced a phenomenon he would later call ‘dead water’, in
which a boat or ship might experience a very strong resistance in its forward motion
in apparently calm wind and sea conditions [Wikb]. As reported by Nansen [Wal91]:
“When caught in dead water Fram appeared to be held back, as if by some
mysterious force, and she did not always answer the helm. In calm
weather, with a light cargo, Fram was capable of 6 to 7 knots. When in
dead water she was unable to make 1.5 knots. We made loops in our
course, turned sometimes right around, tried all sorts of antics to get clear
of it, but to very little purpose.”
After bringing this back to his colleagues in Norway, they concluded that the reason
was due to the generation of internal waves by the ship’s motion: if a ship is moving
through the sea on a layer of fresh water whose depth is comparable to the boat’s
draft, it would produce a wake of internal waves that dissipates a considerable amount
of energy, preventing the ship from using its thrust to move. An example of internal
waves in the ocean is presented in Figure 1-2.
The existence of internal waves is due to stratification. Even though modelled by
incompressible equations, most geophysical flows are density-stratified, meaning that
the density can change due to the concentration of sediments, substances or differences
in the temperature in various parts of the flow.
The different models for internal waves depend on the particularities of the flow.
The stratification, which opens the possibility of internal waves, can be continuous or
not, and both scenarios can be used to model the same context. For instance, the ocean
can be better modelled by a continuous stratification, but on the other hand, a discrete
stratification is simpler in certain cases in nature as in Nansen’s example above. In
3
Figure 1-2: Ocean Internal waves in Rosario Strait, Washington State, USA. Source: TAF
Lab at University of California (https://taflab.berkeley.edu/)
this thesis, we will focus on discrete layered stratified models, particularly in the cases
of two and three layer flows. This particular setting is illustrated in M. Grant Gross’
classical monograph on Oceanography [Gro76], reproduced in Figure 1-3.
Figure 1-3: Schematic representation of internal and surface waves in the ocean. Reproduced
from [Gro76], p. 2014.
Another very important point related to the stratification is the time scale. In the
real world, even if you start with a discontinuous stratification at rest, the diffusion
will mix the fluids, leading to a continuous and more homogeneous stratification after
a long period of time. In this study, we assume that the timescales of waves are shorter
than the diffusive timescales, which make the interfaces ticker and with well defined.
Finally, we note that only the fundamental wave-modes are captured by a discrete
4
stratification, and therefore higher wave-modes arising from continuous stratification
are neglected in this approximation.
1.3. The Boussinesq Approximation
In most geophysical flows, the fluid density does not vary substantially around a mean
value, for example the ocean and the departure from adiabatic in the atmosphere
[CRB11], [Bai95], [Maj03]. This can be translated into the following ad-hoc approxi-
mation: recall the Euler equations (1.1), which state
ρj (uj,t + ujuj,x + vjuj,y) = −pj,x,
ρj (vj,t + ujvj,x + vjvj,y) = −pj,y − ρjg.
where j is the index of each layer and where we considered a gravitational force field
Fj = (0, ρjg) for simplicity. The left hand side contains all the convective terms due to
the velocity field, while the right hand side contains the pressure and external forces
(in this case the gravity) terms.
The so-called Boussinesq approximation consists in neglecting the different densities
that multiply the convective terms by making
ρj = ρ,
where ρ usually represents the mean density (ρ = (
∑n
j=1 ρj)/n), and replacing this new
value in the equations above. In other words, under this approximation, the difference
of densities in the layers is not important in the convective terms in the left-hand side,
only in the buoyancy ones.
Under this hypothesis, the equations above become
uj,t + ujuj,x + vjuj,y = −pj,x
ρ
,





In essence, the Boussinesq approximation states that while difference in inertia is
negligible, gravity is sufficiently strong to make the specific weight appreciably different
between the two fluids (for instance, sound waves are neglected when the Boussinesq
approximation is used since sound waves move via density variations) [Wika]. Usually,
in physical applications, this approximation is done without appreciable loss of accuracy
in the model [CRB11] and makes the mathematics much simpler. As we shall see in
Chapters 2 and 3, this is a major mathematical hypothesis, which can change the
nature of the equations in question.
1.4. Dynamics and Stability
Layered-stratified models can either be weakly or fully nonlinear, and dispersive or
non-dispersive. Physically, nonlinearity is controlled by the wave amplitude relative
to the height of the fluid domain, whereas dispersion is controlled by the relative
size of horizontal length scales compared to this domain height. Strongly nonlinear,
non-dispersive approximations take the form of hyperbolic or mixed type first order
PDEs, first derived in this context by Long [Lon56]. Weakly nonlinear dispersive
approximations result in Korteweg-de Vries type models [Ben66], [GPT97] and fully
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nonlinear dispersive approximations lead to the so-called Miyata-Camassa-Choi system
[Miy88], [CC99].
In this thesis, we focus on the strongly nonlinear non-dispersive setting in the case
of three layers (and thus two interfaces) on two settings: three-layer flows in a channel
bounded by horizontal rigid walls; and two-later flows bounded below by an horizontal
rigid bottom and above by a third unbounded and dynamically passive layer of fluid.
These are important cases as they capture mode 2 (baroclinic) internal waves, which is
a slower family of waves with out-of-phase pycnocline displacements (where the density
gradient is the greatest), in addition to the faster mode 1 (barotropic) waves. These
waves, although less common than mode 1 waves have now been observed in the ocean
[YFC+09]. In addition, since the equations are of mixed type, a initially hyperbolic so-
lution may become elliptic before it breaks, meaning that Kelvin-Helmholtz instability
appears due to large shear along the interface (see Figure 1-4). The case of two-layer
flows between rigid lids, in the non-dispersive setting has been studied extensively (e.g.
[Lon56], [Ovs79], [BM11]) and since the resulting equations are a system of 2 first
order PDEs, certain results can be obtained analytically. For example, one can find
precise conditions that ensure that the solutions remain in the hyperbolic domain up to
breaking [BM11] or construct shock solutions in the internal dam-break (lock exchange)
problem [RKBM11], [MT15]. The cases two-and-a-half- and three layer flows are much
more complicated as the resulting equations are a system of 4 PDEs and many of the
methods successfully used in the two-layer problem no longer apply, requiring new ideas
and methods to be developed.
Figure 1-4: Kelvin Helmholtz instability clouds in San Francisco. These clouds, sometimes
called “billow clouds”, are produced by instability, when horizontal layers of air brush by one
another at different velocities. Reproduced from Wikipedia (open source).
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Figure 1-5: Photo of a Morning Glory cloud formation taken from a plane near Burketown
(plane heading to Normanton) in QLD, Australia. Credit: Mick Petroff. Reproduced from
Wikipedia (open source).
1.5. Breaking and Mixing
Layered-stratified shallow water flows, although driven primarily by the density dif-
ferences between the layers, have the capacity to alter the underlying stratification.
Most studies assume that the flow remains with the original density stratification over
time and although this can be the case in many applications, shallow water waves tend
to break and can change the stratification. At this point, the movement of particles
in the flow can become quite turbulent, leading to mixing and entrainment processes
[WTM12], [CZ10], [CZ11]. These are usually guided by small scale motions that are
difficult to model in detail [RSG10]. In this thesis, we approach breaking waves using
conservation laws which avoid small scale dynamics.
Mathematically, as a solution breaks, it loses smoothness and no longer satisfies the
differential equations that govern its motion. One could continue it as a solution of the
integral, or ‘weak’, formulation, but there are usually several choices as the integral
formulation is not unique [LeV02], [Smo94]. Hence, the question of how to continue
the solution after a wave breaks arises. This is an important question and its resolution
must include some additional information usually in the form of physical constraints.
There is an accepted solution to this in shallow water hydraulics (hydraulic jumps),
but this is not the case for internal waves [MJT08], [RKBM11], [Fri17].
A possible answer to this problem was given in [MT15], based on the choice of
conservation laws that allow for entrainment. In that case, the layerwise conservation
of mass was replaced by conservation of energy, and the conservation of total momentum
was replaced by conservation of circulation, giving uniqueness to the shock solution.
This is an approach that we will explore further in the Chapter 4 of this thesis.
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1.6. Outline of the Thesis
The thesis contains original research carried by the author over the last 4 years, pre-
sented in the form of 3 papers through Chapters 2 to 4. It focuses on the nonlinear and
complex aspects of waves in fluids, according to Figure 1-6, and is divided as follows.
Figure 1-6: The evolution of a shallow water wave eventually falls in one of the three categories
in the picture: linear, nonlinear and complex. Credit: Lawrence C. Cheung [CZ10], [CZ11].
Reproduced with permission.
In Chapter 2, we formulate and discuss the problem of a three-layer shallow water
flow, bounded above and below by rigid walls. This is done in the more general non-
Boussinesq case, where small density differences are not required. We focus on the
evolutionary properties of the mathematically simpler Boussinesq case and use simple
waves to propose and study reduced two-dimensional models for waves in this flow. In
Chapter 3, we move our attention to the so called two-and-a-half-layer shallow water
flow, in which the upper rigid wall is removed and the upper layer is replaced by an
unbounded and dynamically passive layer of fluid. This is a realistic model for ocean
waves for example, as pointed out earlier, with the unbounded layer representing the
atmosphere. Again, the problem is formulated and its governing equations are derived.
Both the dynamics and stability properties of the flow are then studied through simple
waves. In Chapter 4, shock solutions for density-stratified flows are then studied. This
is done through a novel methodology based on the adequate choice of conservation laws
to model the system in this non-smooth context. We model and study the mixing and
entrainment in a two-layer shallow water flow in the non-Boussinesq case. Finally, we
conclude with Chapter 5, where our findings are summarised and further directions for
the work in this thesis are presented.
All numerical simulations in the present thesis were performed in MATLABR©, ex-
cept for the ones in Figure 5 of Chapter 3, which were run in MathematicaR©. All the
illustrations in the thesis were done with the aid of the software GeoGebraR©.
1.6.1 Notation
The standard notation to be used in this thesis is introduced below.
• Vectors and scalars. Vectorial functions will be written in bold, while scalar
functions will appear in standard characters. For example, consider
u = (u, v, w).
Here, u means a vector in a three-dimensional space, while u is one of its components
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and therefore is a scalar whose image lies in an one-dimensional space.
The scalar (or ‘dot’) product is denoted by · , which means that, if u and v are
n-dimensional vectors, then
u · v = u1v1 + ...+ unvn.
• Derivatives. We shall use subscripts for the derivatives of a function. For example,
if u(x, y, t) is a scalar function, then




and similarly for ux and uy. Also, for a function uj(x, y, t), its partial derivatives will
be denoted by uj,t, uj,x and uj,y, i.e.,




and similarly for uj,x and uj,y.
The gradient operator will be denoted by ∇, which means that for a scalar function
of n variables, say u(x1, ..., xn), we have
∇u(x1, ..., xn) = (ux1(x1, ..., xn), ..., uxn(x1, ..., xn)) .






+ u · ∇
where, for u(x1, ..., xn) = (u1(x1, ..., xn), ..., un(x1, ..., xn)),






• A short note on functions. All functions in these notes are assumed analytic or
as smooth as needed in the context they appear, unless further assumptions. Also, in
order to simplify the notation, we shall ommit the independent variables when they are
not strictly necessary. For example, we could write the product u(x, y, t)v(x, y, t) and




Three-layer Flows in the Shallow Water Limit
In this chapter, the problem of three-layer flows (bounded by two horizontal rigid walls)
under the shallow water limit is considered. This is a one-dimensional model in the
horizontal direction, which extends to infinity in both directions. After a careful formu-
lation of the general non-Boussinesq case, the evolutionary properties of the realistic,
but mathematically simpler, Boussinesq case are studied. The work presented is joint
with Paul A. Milewski, which was submitted to the scientific journal Studies in Applied
Mathematics and is currently in process of revision [dMVM17].
2.1. Outline of the Article
The paper starts by highlighting the importance of the study of density-stratified flows,
as most geophysical flows share this property [CRB11]. A concise literature review of
some relevant advances in the area is also presented.
In Section 2, the problem is stated and the governing equations for the non-
Boussinesq problem are derived in a systematic and careful way, leading to a system of
5 quasi-linear, mixed-type and nonlocal PDEs, which are one-dimensional in space and
can be reduced to a system of 4 PDEs for certain boundary conditions in the horizontal
direction. In addition, the Boussinesq equations are obtained from the latter through
a simple limit, which is for this reason called the ‘Boussinesq limit’ [BM11].
Section 3 starts with a discussion on the the nonlocal nature of the problem, which
leads to an ‘inertia Paradox’ [CCF+12] in which the total horizontal momentum is not
conserved even without the presence of external forces. After this, our attention turns
to the evolutionary properties of the Boussinesq system, in the physically simpler case
where the jumps in density are the same on both layers. In Section 3.2, it is shown
that the system captures the two fundamental modes of waves in geophysical flows,
the so-called mode 1, which corresponds to fast waves, and the slower mode 2, which
is physically associated to slower waves with more internal structure [Bai95]. This
structure is explored in Section 3.3, where a modal change of variables is proposed,
enabling us to find symmetric solutions and a ‘pure’ mode 2 invariant subspace of
dimension 2. In this subspace, the three-layer shallow water equations reduce to the
two-layer shallow water equation, a fact that is remarked in the paper and proved later
in this thesis (see Section 2.2 of the present chapter). We also prove that ‘pure’ mode
1 solutions do not form an invariant subspace in the phase space. However, one can
construct such ‘pure’ mode 1 solutions using simple waves, which is done in Section 3.4.
We also use simple waves to propose two-dimensional reduced models, done in Section
3.5, which captures much of the features of the (full model) solutions.
Finally, Section 4 summarises our findings and discusses further directions for this
work.
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Three-layer Flows in the Shallow Water Limit
By Francisco de Melo Vir´ıssimo and Paul A. Milewski
Dedicated to Roger Grimshaw
In this work, we formulate and discuss the shallow water limit dynamics of
the layered ﬂow with three layers of immiscible ﬂuids of diﬀerent densities
bounded above and below by horizontal walls. We obtain a resulting
system of four equations, which may be non-local in the non-Boussinesq
case. We provide a systematic way to pass to the Boussinesq limit, and
then study those equations, which are ﬁrst order PDEs of mixed type,
more carefully. We show that in a symmetric case the solutions remain
on an invariant surface and using simple waves we illustrate that this is not
the case for non-symmetric cases. Reduced models consisting of systems
of 2 equations are also proposed and compared to the full system.
1. Introduction
The study of internal waves in stratiﬁed ﬂuids continues to attract much
attention, as these waves are ubiquitous in the atmosphere and the ocean
(see e.g. [1], [2]). They play an important role in transporting energy
over long distances, and, when they break, contribute to mixing [3]. Hor-
izontally propagating waves are usually long: their horizontal scales are
much longer than the vertical ones [4]. The simplest ﬂuid conﬁguration
for internal waves are layered interfacial ﬂows, where the ﬂuid is assumed
to be stratiﬁed in layers of constant density. The study of these ﬂows
in the long wave limit approximates physical settings where there are
sharp density variations, and yield a variety of mathematical models, de-
pending on the relative strength of diﬀerent eﬀects. The resulting models
Address for correspondence: Prof. P. A. Milewski, Department of Mathematical Sciences,
University of Bath, Bath, BA2 7AY, United Kingdom; email: P.A.Milewski@bath.ac.uk
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can either be weakly or fully nonlinear, and dispersive or non-dispersive.
Physically, nonlinearity is controlled by the wave amplitude relative to the
height of the ﬂuid domain, whereas dispersion is controlled by the relative
size of horizontal length scales compared to this domain height. Strongly
nonlinear, non-dispersive approximations take the form of hyperbolic or
mixed type ﬁrst order PDEs, ﬁrst derived in this context by Long [5].
Weakly nonlinear dispersive approximations result in Korteweg-de Vries
type models [6], [7] and fully nonlinear dispersive approximations lead to
the so-called Miyata-Camassa-Choi system [8], [9].
In this paper we consider a strongly nonlinear non-dispersive setting
in the case of three layers (and thus two interfaces) bounded above and
below by horizontal walls. This case is important as it captures mode
2 internal waves - which is a slower family of waves with out-of-phase
pycnocline displacements - in addition to the faster mode 1 waves. These
waves, although less common than mode 1 waves have now been observed
in the ocean [10]. The case of two-layer ﬂows in the non-dispersive set-
ting has been studied extensively (see e.g. [5], [11], [12]) and since the
resulting equations are a system of 2 ﬁrst order PDEs, certain results can
be obtained analytically. For example, one can ﬁnd precise conditions
that ensure that the solutions remain in the hyperbolic domain up to
breaking [12] or construct shock solutions in the internal dam-break (lock
exchange) problem [13], [14]. The case of three layer ﬂows is much more
complicated as the resulting equations are a system of 4 PDEs and many
of the methods used before no longer apply.
We ﬁrst derive the equations governing the ﬂow in the non-Boussinesq
case and show that the nature of the resulting system is dependent on
the boundary conditions. For many cases the system is non-local, a result
linked to the paradox of non-conservation of horizontal momentum [15].
We then turn to the dynamics in the Boussinesq limit, where we show
that certain symmetric mode 2 solutions are conﬁned to an invariant
2 dimensional subspace of the 4 dimensional phase plane and propose
new variables that better capture mode 1 and mode 2 solutions and use
simple waves to show that this invariant manifold construction is not
possible for non-symmetric solutions. Finally we propose some reduced
models in terms of systems of 2 PDEs that can be used to approximate
the individual modes.
2. Formulation
Consider a two-dimensional, irrotational ﬂow of ideal, incompressible and
immiscible ﬂuids in three layers of diﬀerent densities, under the action of
13
Three-layer Shallow Water Flows 3
Figure 1: Schematic illustration for the three-layer problem.
gravity and bounded by horizontal rigid lids at the bottom and at the
top, as shown in Figure 1.
The ﬂuid pressure and velocity ﬁelds in each layer are given by
pj(x, y, t) and uj(x, y, t) = (uj(x, y, t), vj(x, y, t)) respectively, with j = 1
representing the lower layer, j = 2 representing the middle layer and
j = 3 representing the upper layer. The ﬂuid density is given by ρj ,
j = 1, 2, 3, where the ﬂuid in a layer is denser than the one above it, i.e.,
ρ1 ≥ ρ2 ≥ ρ3. The height of each of the active layers is given by hj(x, t)
and the interface between the layers, assumed to be a graph, are given
by Σ1 = {(x, y) : y = h1(x, t)} and Σ2 = {(x, y) : y = (h1 + h2)(x, t)}, as
schematically indicated in the Figure 1.
The mathematical model [4], [16] for the dynamics in each layer is




= −∇pj − Fj (1)
∇ · uj = 0, for j = 1, 2, 3. (2)
for j = 1, 2, 3, with Fj being the external force ﬁeld. In this model, only
gravitational forces act, with Fj = (0, ρjg).
The boundary conditions are the impermeability condition at the bot-
tom and top walls respectively:
v1 = 0 on y = 0, (3)
v3 = 0 on y = H, (4)
14
4 F. de Melo Vir´ıssimo and P. A. Milewski
the kinematic conditions (KBC) and the dynamic condition (DBC) on Σ1
respectively given by
h1,t + u1h1,x = v1, (5)
h1,t + u2h1,x = v2, (6)
p1 = p2, (7)
while on Σ2 these conditions are
(h1 + h2)t + u2 (h1 + h2)x = v2, (8)
(h1 + h2)t + u3 (h1 + h2)x = v3, (9)
p2 = p3. (10)
The KBCs above imply, for j = 1, 2, and nj being the normal to Σj
nj · uj = nj · uj+1
on the interface Σj . This states the continuity of normal velocity across
interfaces. The model can also be shown to satisfy
h1 + h2 + h3 = H, (11)
where H is the constant total height of the channel, as shown in Figure
1.
This gives us a free boundary problem for 9 ﬁrst order partial diﬀeren-
tial equations with 9 boundary conditions for the 9 unknowns uj , vj , pj ,
j = 1, 2, 3. The unknown domain appears through the heights hj in the
boundary conditions.
2.1. Governing equations
Our aim here is to rewrite equations (1) to (11) as a 4× 4 system of ﬁrst
order PDEs [12], in the long wave limit [4], [16], [17] where the verti-
cal variation in the horizontal velocity is small, and its vertical average
represents this velocity well.
In order to proceed, we shall compute the vertical average of the quan-










where yj(x, t) is the coordinate of the lower interface of the j-th layer,
and with similar deﬁnitions for vj and pj . Using the Leibniz rule we write
expressions for the integrals of quantities such as uj,x, uj,t and pj,x, for
15
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(yj + hj)xuj |y=yj+hj − yj,xuj |y=yj
�
. (12)
2.1.1. Conservation of volume equations. Consider the incompressibil-
ity condition (2)
∇ · uj = uj,x + vj,y = 0.
Taking the vertical integral and using (12) leads to
(hjuj)x −
�




vj |yj+hj − vj |yj
�
= 0. (13)
From the KBCs on each interface, and taking j = 1, 2, 3 we have
hj,t + (hjuj)x = 0, (14)
which states the conservation of volume for the ﬂow in each layer. Note
that, since the density is constant in each layer, conservation of volume
is equivalent to conservation of mass.
2.1.2. Momentum equations. We now recall the Euler equations (1),
written for each layer in horizontal and vertical components respectively
ρj (uj,t + ujuj,x + vjuj,y) = −pj,x, (15)
ρj (vj,t + ujvj,x + vjvj,y) = −pj,y − ρjg. (16)
Our aim here is to carry out an averaging as in the previous section. Con-
sider the lowest layer. From equation (15) for j = 1, after integrating and










− ρ1u1|h1(h1,t + u1|h1h1,x − v1|h1)
= −(h1p1)x + p1|h1h1,x. (17)









= −(h1p1)x + P1h1,x, (18)
where here and in what follows we have denoted p on Σj by Pj , and P0, P
the bottom and top pressures respectively. A similar vertical integration
of the vertical momentum equation (16) for j = 1 leads to
ρ1((h1v1)t + (h1u1v1)x − v1|h1(h1,t + u1|h1h1,x − v1|h1)) = P0 − P1 − gρ1h1,
which using the KBC on Σ1 simpliﬁes to
ρ1 ((h1v1)t + (h1u1v1)x) = P0 − P1 − gρ1h1. (19)
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= −(h2p2)x + P1h1,x − P2(h1 + h2)x, (20)
ρ2 ((h2v2)t + (h2u2v2)x) = P1 − P2 − gρ2h2, (21)









= −(h3p3)x − P2(h1 + h2)x, (22)
ρ3 ((h3v3)t + (h3u3v3)x) = P2 − P − gρ3h3. (23)
Equations (19)-(23) are exact but are not closed, as they relate the
evolutions of mean quantities to higher order moments. The shallow water
approximation allows us to close the system.
2.1.3. The shallow water limit. The continuation of the derivation in-
volves the shallow water (or long wave) approximation, that is, that hor-
izontal variations are slowly-varying compared to vertical ones. This is
done by scaling horizontal derivatives with a small parameter µ relative
to vertical derivatives. As we must satisfy incompressibility in each layer,
we obtain that v must scale with µ also. We then turn to the vorticity
equation in each layer
ωj,t + ujωj,x + vjωj,y = 0, (24)
where
ωj = µ
2vj,x − uj,y. (25)
The vorticity equation describes simple advection and therefore the vortic-
ity is preserved along particle paths. If we therefore assume that the initial
data satisﬁes uj,y = O(µ2) and vj,x = O(1), we have that ωj = O(µ2) for
all time, and can conclude that uj,y = O(µ2) for all time. This implies
that the horizontal velocities are uniform in y to leading order and can
be written
uj(x, y, t) = uj(x, t) + µ
2u˜j(x, y, t), (26)
From this one immediately concludes that
u2j = uj
2 + µ4 u˜2j , (27)
ujvj = uj vj + µ
2 u˜jvj . (28)
A similar rescaling of the vertical component of the Euler equations
(equation (16)) is given by [12]
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from which one concludes that the leading order pressure satisﬁes the
hydrostatic balance
pj,y = −gρj +O(µ2), (30)
which can be integrated, and, together with the continuity of pressure at
each interface yields
p1(x, y, t) = ρ1g(h1 − y) + ρ2gh2 + ρ3gh3 + P, (31)
p2(x, y, t) = ρ2g(h1 + h2 − y) + ρ3gh3 + P, (32)
p3(x, y, t) = ρ3g(H − y) + P. (33)
From equations (27) and (31)-(33), we are able to simplify the averaged
horizontal momentum equations. After some calculations, we get
ρ1 (u1,t + u1u1,x) + (ρ1 − ρ3)h1,x + (ρ2 − ρ3)h2,x = −Px, (34)
ρ2 (u2,t + u2u2,x) + (ρ2 − ρ3)(h1,x + h2,x) = −Px, (35)
ρ3 (u3,t + u3u3,x) = −Px. (36)
Note that we have dropped the bars over in uj and set g = 1. Conservation
of mass reads
hj,t + (hjuj)x = 0, (37)
for j = 1, 2, 3. The height H and average density can be normalised:
h1 + h2 + h3 = 1, (38)
ρ1 + ρ2 + ρ3
3
= 1. (39)
The set (34)-(38) consists of a closed system of seven equations for seven
unknowns (h1, h2, h3, u1, u2, u3, P ). In solving for the pressure below we
will see that in most cases the equation for P has an elliptic nature with
various consequences.




= h1u1 + h2u2 + h3u3. (40)
From the conservation of mass equations,
Qx(x, t) = (h1u1 + h2u2 + h3u3)x = −(h1 + h2 + h3)t = 0.
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and hence Q is a function of t only. The time evolution of the ﬂux will
provide the equation for P :








































For certain cases, Q is set by the boundary conditions on uj , and is
therefore constant in time. Two scenarios in which this occurs are in
the presence of vertical sidewalls, implying Q = 0, and when far ﬁeld
inlet conditions ﬁx Q to a constant value (which could be set as zero by
choosing an appropriate reference frame) [12]. The equation above then
becomes immediately an equation for P . On the other hand if boundary
conditions are known in P (e.g. for a periodic domain) then the equation
can be solved for Px, integrated and the boundary conditions applied,
yielding an expression for Q�. which can be substituted back into (41)
again yielding again an equation for P . We shall postpone a detailed
discussion of these to the next chapter.
2.1.5. Reduction to smaller systems. We shall recast the system in
new variables. Introduce the diﬀerences of layer thickness
d1 = h2 − h1,
d2 = h3 − h2,
which track the displacement of interfaces, and the shear variables
w1 = u2 − u1,
w2 = u3 − u2.
These together with the identities (38) and (40) give a transfor-
mation between the variables (h1, h2, h3, u1, u2, u3) and the variables
(d1, d2, w1, w2, Q). The evolution depends only on these 5 variables, and
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(1 + r1 + r1r2)
= rp.
Under these changes, our equations become













































































= rR(1− r)px, (45)
and
q�(t) + (FD(d1, d2, w1, w2, q) + FH(d1, d2, R))x
−rR
9
(1− 2d1 − d2) (1 + d1 + 2d2)x
= −Fp(d1, d2, r, R)px, (46)
20
10 F. de Melo Vir´ıssimo and P. A. Milewski
where




(1− 2d1 − d2) w1
3

















FH(d1, d2, R) =
�




Fp(d1, d2, r, R) = 3D(r,R) + rD(r,R)
�
(R(r − 1)− 2)





[3 + r(R(r − 1)− 2)]2
3 [1 + r(R(r − 1)− 1)] ,
and where we have dropped the tildes for simpliﬁcation. The set of equa-
tions (42) to (46) may now be rewritten as the non-Boussinesq system,
given by equations (42), (43) and

























(1− 2d1 − d2) (1 + d1 + 2d2)x




(FD(d1, d2, w1, w2, q) + FH(d1, d2, R))x




Fp(d1, d2, r, R)
, (48)
















(FD(d1, d2, w1, w2, q) + FH(d1, d2, R))x






(1− 2d1 − d2) (1 + d1 + 2d2)x
Fp(d1, d2, r, R)
�
= − rR(1− r)q
�
Fp(d1, d2, r, R)
. (49)
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2.2. The Boussinesq equations
The Boussinesq limiting case, when the diﬀerence of densities are negli-
gible, can be seen as a particular case of the equations above. First, note
that in the limit r → 0, equation (47) becomes
Fp(d1, d2, r, R) = 9.
It follows that (41) can be written in conservation form
q�(t) + (FD(d1, d2, w1, w2, q) + FH(d1, d2, R) + 9p)x = 0,
and that the ﬂux is a global conserved quantity depending on the bound-
ary values of FD − FH + p. For example q� = 0 in a periodic domain, in
which case we can set q = 0 by a Galilean transformation.
Thus, the three-layer shallow water Boussinesq equations in a periodic
domain can be derived by setting q = 0 and by taking the limit r → 0 in












































































We shall refer to this limit as the Boussinesq limit. The rescaling and limit
above is a mathematically formal way of deriving the Boussinesq system,
instead of the physically based approach of ignoring density variations in
the inertial terms, commonly used in the literature [4].
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3. Results on three-layer ﬂows
3.1. Boundary conditions and the Benjamin-Camassa paradox
The ﬂux q and the deviation pressure p are related by the equation (46),
which may result in the non-locality of the pressure, depending on the
boundary conditions. As shown before, in the Boussinesq case, the volume
ﬂux is constant (unless externally forced to be non-constant) and can be
eliminated from the system.
Sidewalls or no-ﬂux conditions force a behaviour similar to the non-
Boussinesq case, as q = 0 and equation (46) becomes





(1− 2d1 − d2) (1 + d1 + 2d2)x
Fp
. (54)
One can then insert (54) into equations (48) and (49) and close the system,
eliminating the pressure.
For the case of periodic boundary conditions (of period L), then we





















−1 (1− 2d1 − d2) (1 + d1 + 2d2)x dx.
One can then replace q� above in (46) to compute the pressure, which
can then be substituted in (48) and (49) to close the system which itself
becomes nonlocal.
A related issue is the Benjamin-Camassa paradox (Camassa et al. [15]
and Benjamin [18]) which arises from the observation that stratiﬁed ﬂows
between two horizontal walls may not conserve horizontal momentum - a
paradox as there is no apparent mechanism for a net horizontal force to
be applied on the ﬂuid.
Consider the case in which far-ﬁeld conditions are imposed. There are
two possibilities, either q is time-independent, and one can set q = q� = 0
and the sidewall case is recovered, or, one may have even stronger far-
ﬁeld conditions imposed on the physical variables, such as hj achieving
the same constant value and uj → 0 as x → ±∞. Thus, q = 0 and one
can compute the diﬀerence of the values attained by the pressure at the
23
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−1 (1− 2d1 − d2) (1 + d1 + 2d2)x dx. (55)
The total (horizontal) momentum is deﬁned as the integral of the local
horizontal momentum
M = ρ1h1u1 + ρ2h2u2 + ρ3h3u3,
written above in the ﬂow variables hj , uj . Note that the momentum






j + (ρ1 − ρ3)
h21
2








and hence, rescaling the variables as in Section 2.1.5, integrating in x
from −∞ to +∞ and using that uj → 0 at inﬁnity and that hj tend to a





Mdx = − [p]+∞−∞ .
Therefore, the total horizontal momentum is conserved if and only if the
integrals on the right-hand side of (55) are zero, which is not the case for
all choices of dj , wj , r and R.
This non-conservation arises from the fact that equation (46) can be
thought of as an elliptic problem for the pressure, and hence allowing the
propagation of information about the ﬂow at inﬁnite speed to ±∞. This
is not the case, for example, if the rigid lid is removed and replaced with
either a free-surface or a ﬂexible lid. Note that, for r → 0, which corre-
sponds to the Boussinesq approximation, the second integral disappears
and denominator of the integrand Fp tends to 1, making the right-hand
side a total derivative in x and therefore the conservation of momentum
is recovered.
3.2. Linear waves on quiescent ﬂows
Consider the general situation shown in Figure 1 and described by Equa-
tions (1) to (11). By perturbing the uniform state of constant hj ≡ Hj
and zero uj , vj , with travelling wave modes proportional to e
i(kx−ωt), one
24
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Figure 2: Evolution of a Gaussian pulse in a three-layer ﬂow and its
decomposition into mode 1 and mode 2 waves. The nonlinear equations
(50) to (53) were solved to demonstrate both the splitting of pulses and
the nonlinear steepening behind the mode 1 pulses.
obtains the following dispersion relation for ω:
[ρ2 cosh(|k|H2)(ρ3 coth(|k|H3) + ρ1 coth(|k|H1))
+ sinh(|k|H2)(ρ22 + ρ1 coth(|k|H1))ρ3 coth(|k|H3)))]ω4
+ g|k|[ρ2(ρ3 − ρ1) cosh(|k|H2) + sinh(|k|H2)((ρ3 − ρ2)ρ1 coth(|k|H1)
+ (ρ2 − ρ1)ρ3 coth(|k|H3))]ω2
+ (g|k|)2(ρ3 − ρ2)(ρ1 − ρ2) sinh(|k|H2)ω = 0.
Rescaling the variables as before and taking the shallow water limit, where
|k|H1, |k|H2, |k|H3 � 1, gives the equation for wave-speeds λ = ω/k :
(ρ2ρ3R1 + ρ1ρ3R2 + ρ1ρ2R3)λ
4
+ ((ρ2 − ρ1)ρ3R1R2 + (ρ3 − ρ1)ρ2R1R3 + (ρ3 − ρ2)ρ1R2R3))λ2
+ (ρ2 − ρ1)(ρ3 − ρ2)R1R2R3 = 0.
Here, Rj = Hj/H with R1/R2, R2/R3 or order 1. This biquadratic
equation corresponds to two modes in each direction, one being the fast
mode, usually called mode 1 and the other being the slow mode, com-
monly referred as mode 2. These are numerically illustrated in Figure 2,
where the evolution of a gaussian pulse decomposes into 4 smaller pulses
(righr panel), two of them travelling faster and with in-phase vertical dis-
placements (mode 1 waves, seen at x ≈ ±3) and two moving slower and
out-of-phase vertical displacements (mode 2 waves, seen at x ≈ ±1.5).
25
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3.3. Symmetric solutions and evolutionary properties
In this section, we shall discuss the Boussinesq system, mainly in the
special case where R = 1 (i.e. the jumps in density are the same on both
interfaces). Denoting the vector of solutions U = (d1, d2, w1, w2)
T , the
system may be written as
Ut +A(U)Ux = 0, (56)




w1(1+4d1+d2) w1(1+d1) d1(1+2d1+d2) d1(1+d1+2d2)
+w2(1+2d1+2d2) +w2(2d1) +(d2−1)
w1(2d2) w1(2d1+2d2−1) d2(2d1+d2−1) d2(d1+2d2−1)
+w2(d2−1) +w2(d1+4d2−1) −(d1+1)
2(w21−1) (w21−1) w1(1+4d1+2d2) w1(1+d1+2d2)
+w1w2 +2w1w2 +w2(1+d1+2d2)
(w22−R) 2(w22−R) w2(2d1+d2−1) w1(2d1+d2−1)
+2w1w2 +w1w2 +w2(2d1+4d2−1)





More formally, for U = (d1, d2, w1, w2)
T , there is an isomorphism Φ
Φ(U) = (−d2,−d1,−w2,−w1)T .
and the system
Ut +A(U)Ux = 0 (57)
is equivalent to
U˜t +A(U˜)U˜x = 0,
where U˜
.
= Φ(U). Physically, this invariance corresponds to reversing
the direction of gravity and exchanging the layers accordingly. For this
reason, we shall refer to this conﬁguration when R = 1 as the symmetric
Boussinesq case.
An immediate consequence is that the symmetric Boussinesq system
allows pure mode 2 solutions. Suppose that
h1(x, t) = H(x, t)
h2(x, t) = h(x, t)
h3(x, t) = H(x, t),
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Figure 3: Illustration of a pure mode 2 solution in a three-layer ﬂow.
as ilustrated in Figure 3. Then,
d1 = h−H = −(H − h) = −d2.





= d1 and w
.
= w1,



















It is possible to show [19] that these pure mode 2 equations are equiv-
alent to the two-layer shallow water ones [20]. This is physically evident
in Figure 3 by imagining a boundary in the midline of the conﬁgura-
tion. Consequently, this pure mode 2 dynamics is a two-dimensional
invariant subspace of the four-dimensional system, and within that in-
variant subspace all prior results for the two-layer system applies. Most
relevant is the result that the hyperbolic region in phase space (d, w) ∈
(−1/2, 1) × (−1/√2, 1/√2) (with w = w1 = −w2, and d = d1 = −d2) is
invariant under the evolution of the PDE. From a ﬂuid dynamics perspec-
tive this means that for initial data satisfying this condition everywhere,
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the evolution remains wavelike and does not exhibit Kelvin-Helmholtz
like instabilities.
Motivated by these considerations, we propose describing the system
using the variables
d = d1 + d2, d˜ = d2 − d1,
w = w1 + w2, w˜ = w2 − w1.
Note that d = 0 and w = 0 are equivalent to the “pure” mode 2 case pre-
viously examined. Under this change of variables, the governing equations




























































w˜−d˜w˜−6dw w−6dw˜ 2+d˜−3d2 d(1−d˜)
−w(1+d˜) −(w˜+2d˜w˜+3dw) −d(1+d˜) 2−d˜−d˜2
6−3w2 −ww˜ w˜−d˜w˜−6dw w(1−d˜)
−3w˜w 2−w˜2 3(w−dw˜) −(w˜+2d˜w˜+3dw)
 . (62)
The phase space R4 can be decomposed as a direct sum of B1 and B2:
B1 = {U = (d, d˜, w, w˜)T such that d˜ = w˜ = 0},
B2 = {U = (d, d˜, w, w˜)T such that d = w = 0}.
We shall consider the evolution of periodic solutions in phase space, where
they correspond to closed curves. This situation is schematically pre-
sented in Figure 4.
If the initial condition d|t=0 = w|t=0 = 0 holds for all points in the
domain, then, from (58)-(61), d = w = 0 for all t > 0 and the system
reduces to a pair of equations, which are the two-layer shallow water
Boussinesq equations previously mentioned. The solution is the trapped
in the invariant plane B2 and shown in Figure 4(a).
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Suppose now that the initial data is tangent to B2 at a single point,
say x = x∗, as shown in Figure 4(b). Thus Ux|t=0,x=x∗ , which is the
tangent vector to the solution curve is in B2 and therefore it can be
shown from (62) that (A(U)Ux)|t=0,x=x∗ = −Ut|t=0,x=x∗ is also in this
plane. Contrary to intuition, this is not enough to guarantee that the
point of tangent contact will always remain in B2. In fact the point of
contact will lose tangency and then may escape from B2 given that B2
has co-dimension greater than one. (Such behaviour does not occur in
2 × 2 systems where invariant subspaces are simple waves, and periodic
solutions never lose tangency to a simple wave [12].) A direct consequence
of this is that periodic initial data that transverses B2 can also leave B2
as the wave evolves. This is shown schematically in Figure 4(c) and a
numerical solution illustrating the loss of tangency is presented in Figure
5.
Now, suppose that d˜|t=0 = w˜|t=0 = 0, so that U|t=0 is in B1. It follows















which implies that, in general, d˜t �= 0 and w˜t �= 0 for t > 0. Equations
(63) and (64) represent the mode 2 production of a mode 1 wave. Con-
sequently, any solution that is initially in B1 will immediately leave this
region, as shown in Figure 4 (d). Physically, this means that no mat-
ter the initial “rest” conﬁguration, if pycnoclines are initially displaced
equally the evolution will generate mode 2 waves. Of course, “pure” mode
1 waves can be constructed using simple waves as shown below.
3.4. Simple waves
For a system of PDEs of the form (56), simple waves [21] (sometimes
called rarefaction waves [22]) are special solutions that can be written as
U(x, t)
.
= V(θ(x, t)). (65)
These are important because they correspond to the individual waves of
the system. Replacing the equation (65) in (56) yields
Vθ θt +A(V)Vθ θx = 0, (66)
which has a solution only if A(V)Vθ is proportional to Vθ, leading to the
eigenvalue problem
[A(V(θ))− λ(θ)I]Vθ(θ) = 0, (67)
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Figure 4: Decomposition of the four-dimensional phase space in the modal
variables and schematic representation of a few solutions: in (c), it is
shown that a given solution that initially touches the B2 might not inter-
sect it anymore in future times. This happens even if the initial condition
is tangent to B2 as in (b). On the other hand, if the initial condition
is a pure mode 2, the solution will remain in mode 2 for all time (up to
breaking) schematically shown in (a). The same does not happen for a
initial condition lying in B1. This set is not an invariant subspace and a
general solution escapes as soon as it evolves on time, as seen in (d).























Figure 5: Numerical example of a solution which is initially tangent to
the invariant plane B1. Note that at t = 0, the solution satisﬁes d
�
(x0) =
w�(x0) = 0 for x0 = 0 and therefore this is a point of tangency. At t = 6,
this condition is no longer satisﬁed for any x0 in the domain.
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Figure 6: The evolution of the interfaces for a mode 1 (left) and mode 2
(right) simple wave solutions to the Boussinesq equations (50)-(53). The
vertical extent of the channel is [0, 1]. The dashed line is the initial data
and the solution is shown at various times. Note the nonlinear steepening
of the wave.
and where θ(x, t) must obey the hyperbolic PDE (if the original system
is hyperbolic)
θt + λ(θ)θx = 0. (68)
The eigenvectors Vθ from equation (67) yield, for each eigenvalue family,
a vector ﬁeld in the phase space whose integral curves are the simple
waves (Vθ is tangent to these curves). For regions in phase space where
our system is strictly hyperbolic, this implies the existence of 4 curves
through each point. Each of these curves is a simple wave and is invariant
under the evolution of the PDE: solutions starting on these curves remain
on them, only the parametrisation θ(x, t) changes with time. Thus the 4
eigenvectors at each point yield a local basis of the phase space providing
a decomposition based on in terms of the wave speeds λ, or, physically
speaking, in terms of the two (fast) mode 1 waves and the two (slow)
mode 2 waves. Examples of numerically computed evolution of simple in
the physical system are shown in Figures 6, 7 and 8. Figures 7 and 8 also
highlight the eﬀectiveness of the modal decomposition in approximating
the diﬀerent families.
We remark also that the Boussinesq systems have a “left-right” sym-
metry which can be seen in phase space. Given a simple wave through
a point U = (d1, d2, w1, w2)
T at which the characteristic speed is λ,
there is a corresponding “reﬂected” simple wave through the point U˜ =
(d1, d2,−w1,−w2)T with characteristic speed −λ, i.e. propagating in the
other direction. This is physically intuitive and can be seen explicitly by
the structure of A(U).
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Figure 7: Evolution of the mode 1 simple wave solution shown in Figure
6, now in the modal variables of (58)-(61). Note the relatively small d˜
and w˜ components.
Figure 8: Evolution of the mode 2 simple wave solution shown in Figure
6, now in the modal variables of (58)-(61). Note the relatively small d¯
and w¯ components.
32













Figure 9: Evolution of a solution of (58)-(61) starting in the invariant
mode 2 plane, trapped by four bounding simple waves (in black). The
initial condition is given by the blue straight line joining two edges of the
quadrilateral, and the coloured curves are the solutions at diﬀerent times.
Simple waves are of crucial importance in the study of nonlinear ﬁrst
order hyperbolic PDEs. In two-dimensional systems, they deﬁne invariant
regions [23], [12] due to the property that simple waves do not allow a
general solution to cross it tangentially [24]. Furthermore, for mixed-type
ﬁrst order PDE systems, if an initial condition can be bounded by simple
waves that do not themselves reach the boundary of the hyperbolic region,
then the solution will remain hyperbolic until breaking. Therefore, using
simple waves one can build the largest such region, which can be seen
as a sharp bound to on hyperbolic initial data that prevents the solution
straying into the elliptic region and therefore rendering the problem ill-
posed [12]. Figure 9 illustrates the use of simple waves. It shows the
evolution of a periodic initial condition in the invariant plane d¯ = w¯ = 0,
and bounding simple waves.
In systems larger than two-dimensions, simple waves still provide a
construction of “pure” wave solutions, but are less useful for bounding
solutions, except in particular cases, for example when there is an invari-
ant subspace as discussed above and showed in Figure 9.
Our ﬁrst question is to explore whether there are other two-
dimensional subspaces for mode 1 or mode 2 waves. These manifolds
would contain families of both simple waves that exist for each mode
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of motion and would allow one to construct initial data that has waves
propagating in both directions in a single mode of the system.
Such manifolds do not exist for general systems. The reason is due to
the non-existence of an integrating factor for general diﬀerential forms in
dimensions greater than two and, which implies that Riemann invariants,
which would allow us to construct such manifolds, do not exist generically
[25].
In general, a n-dimensional system of PDEs of the form (56) can be
associated with up to n Riemann invariants. The jth Riemann invariant
is a smooth function Rj associated to the j
th eigenvalue, and satisfying
∇Rj = µwj ,
where µ is a function (the integrating factor) and wj is the j
th left eigen-
vector of the system,
wTj A(U) = w
T
j λj .
In our case, all of these are functions of U = (d, d˜, w, w˜)T .
Since the gradient of the jth Riemann invariant is parallel to the jth
left eigenvector, it follows that the kth right eigenvector vk is tangent
to the surface deﬁned by constant Rj if j �= k, because wj · vk = δj,k.
Furthermore, if Uk(θ) is an integral curve of vk (i.e. a simple wave), then
the jth Riemann hypersurface contains this curve since
d
dθ
Rj(Uk(θ)) = ∇Rj · vk = 0.
Thus, in general, the hypersurface deﬁned by Rj = constant contains n−1
linearly independent simple waves associated to the n−1 right eigenvalues
of the system, λk for k �= j.
Hence, if one wishes a family of, say, mode 2 simple waves to form
a two-dimensional manifold in a four-dimensional phase space, it is nec-
essary and suﬃcient that there be Riemann invariants associated to the
other two eigenvalues. The intersection of the surfaces deﬁned by these
two Riemann invariants then deﬁnes the manifold.
We have numerically attempted to construct such surfaces. This in-
volves choosing a point in phase space and computing the two simple
wave curves from a particular family (mode 1 or mode 2) that go through
that point. These are the “spines” of an attempt to construct a mesh of
simple waves: along each of these spines at regular intervals we construct
new simple waves transversal to the spine. If the resulting mesh lies on a
surface - i.e. all the simple waves intersect - we have evidence of an invari-
ant subspace for the problem. As shown in Figures 10 and 11, families of
simple waves for either mode 1 or mode 2 in the symmetric Boussinesq
system do not intersect each other and therefore do not form a surface.
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Figure 10: Families of mode 1 simple waves for the symmetric Boussinesq
system (62). The two colours correspond to the two eigenvalues. Top:
the projection onto w˜ = 0 shows that the curves almost lie on a surface.
Bottom: For the projection onto d˜ = 0, there is clear non-intersection of
simple waves.
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Nevertheless the remarkable proximity to a surface can motivate diﬀerent
approximations that reduce the system.
3.5. Two-dimensional reduced models
Although the modal decomposition does not hold in general, Figures 7
and 8 suggest that an approximate decomposition might work well for
the system. For mode 1 waves, notice that d˜ ≈ constant and that w˜
varies slightly through the whole evolution of the wave. Therefore their
dynamics could be simpliﬁed. We propose to set d˜
.
= d˜0 ≡ constant,
and solve Equation (59) to obtain w˜ = f(d, w; d˜0) and hence get a two-
dimensional system by replacing the latter on the equations (58) and (60)
for d and w. The results of this approach are shown by Figures 12-15. In
this particular example, we choose a Gaussian initial condition satisfying
d˜(x, 0) = 0 and w˜(x, t) = 0 so that the solution lies in the hypothetical
mode 1 plane deﬁned by B1. Note that there is a very good agreement
between the full solution (plotted in solid blue) and the one given by the
approximate 2 dimensional reduced model (plotted in dashed red lines).
Figures 12 and 13 show the evolution of the mode 1 wave (as computed by
the equations (58) and (60) whereas Figure 14 shows the error arising from
assuming a constant d˜ and Figure 15 shows the post-computed w˜. Since
w˜ = f(d, w; d˜0), the approximation qualitatively captures the mode 1
(fast) component of w˜ but fails to capture its mode 2 (slower) component.
In Figures 16-19, a similar reduction is attempted for a mode 2 wave,
and the agreement between both models is even better. For these, we
choose an initial condition satisfying d(x, 0) = −0.15 and w(x, 0) = 0 so
that it lies in a plane parallel to the invariant plane B2. In this case, we
reduced the system by considering d = d0 = −0.15 and w = f(d˜, w˜; d0)
as given by Equation (58). Figures 16 and 17 show the evolution of
the mode 2 wave (as computed by the equations (59) and (61) whereas
Figure 18 shows the error arising from assuming a constant d¯ and Figure
19 shows the post-computed w¯. Since w¯ = f(d˜, w˜; d¯0), the approximation
qualitatively captures the mode 2 (slow) component of w¯ but, as expected,
fails to capture its faster mode 1 component.
4. Conclusions
We have derived the equations for long waves in a three-layer channel
and explored some of their properties, both in the Boussinesq and in the
general case. In the Boussinesq case, when the density jumps between
layers is equal, a simple change of variables aids in separating the mode 1
and mode 2 dynamics. We then make use of simple waves in the Boussi-
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Figure 11: Families of mode 2 simple waves for the symmetric Boussi-
nesq system (62). Both top and bottom ﬁgures show that, although the
agreement is surprisingly good, these families do not form a surface.
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Figure 12: Solution of a reduced model for mode 1 waves (dashed line)
compared to the solution of the full system (58) to (61) (solid line). From
top left to bottom right, d is plotted for t = 0, 0.6, 1.2, 1.8, 2.4 and 3.0.


































































Figure 13: Solution of a reduced model for mode 1 waves (dashed line)
compared to the solution of the full system (58) to (61) (solid line). From
top left to bottom right, w is plotted for t = 0, 0.6, 1.2, 1.8, 2.4 and 3.0.
nesq case to test whether lower dimensional solution spaces can be con-
structed. We ﬁnd that such invariant subspaces cannot be constructed,
but that some ad-hoc reductions motivated by the computations are suc-
cessful at capturing much of the features of the solution. These ideas
provide a framework for creating reduced models which warrant further
exploration.
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Figure 14: Solution of a reduced model for mode 1 waves (dashed line)
compared to the solution of the full system (58) to (61) (solid line). From
top left to bottom right, d˜ is plotted for t = 0, 0.6, 1.2, 1.8, 2.4 and 3.0.














































































Figure 15: Solution of a reduced model for mode 1 waves (dashed line)
compared to the solution of the full system (58) to (61) (solid line). From
top left to bottom right, w˜ is plotted for t = 0, 0.6, 1.2, 1.8, 2.4 and 3.0.
All solutions that we compute break after some time, and an inter-
esting question is the inclusion of shocks in the dynamics. In particular
whether there is a choice of shock conditions which can allow for a realistic
model of entrainment between the layers.
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Figure 16: Solution of a reduced model for mode 2 waves (dashed line)
compared to the solution of the full system (58) to (61) (solid line). From
top left to bottom right, d˜ is plotted for t = 0, 0.6, 1.2, 1.8, 2.4 and 3.0.






























































Figure 17: Solution of a reduced model for mode 2 waves (dashed line)
compared to the solution of the full system (58) to (61) (solid line). From
top left to bottom right, w˜ is plotted for t = 0, 0.6, 1.2, 1.8, 2.4 and 3.0.
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Figure 18: Solution of a reduced model for mode 2 waves (dashed line)
compared to the solution of the full system (58) to (61) (solid line). From
top left to bottom right, d is plotted for t = 0, 0.6, 1.2, 1.8, 2.4 and 3.0.




































































Figure 19: Solution of a reduced model for mode 2 waves (dashed line)
compared to the solution of the full system (58) to (61) (solid line). From
top left to bottom right, w is plotted for t = 0, 0.6, 1.2, 1.8, 2.4 and 3.0.
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2.2. Reduction to Two-layer Shallow Water Boussinesq Equa-
tions
As mentioned in the Section 3.3 in article [dMVM17], it turns out that the symmetric


















are equivalent to the two-layer shallow water Boussinesq system [MTT+04]. The visual
explanation for that is presented in the Figure 2-1 below.
Figure 2-1: Illustration of a ‘pure’ mode 2 solution and its reduction to a pair of ‘two-layer
solutions’.
This fact can be mathematically proved as follows. First, introduce the variable
d˜ = h3 − h2
2




1 + d1 + 2d2
3
, h2 =
1 + d1 − d2
3
,
so that, using that d
.

























































d˜ = −2d˜ and w =
√
2w.




















which, rescaling x as
√
2x, gives the two-layer shallow water equations in the Boussinesq
case, as shown in [MTT+04].
We conclude by remarking that is not hard to verify that this reduction works for
other situations. The idea is shown in Figure 2-3 for the case of a five-layer flow with
a modal symmetry.
2.3. Conclusions
The formulation of the three-layer shallow water problem was considered and the gov-
erning equations were derived in the more general non-Boussinesq context, in which the
equations are non-local as the pressure appears as an unknown. We show that this is
not the case for the Boussinesq equations and we put a special emphasis on the latter.
In addition, motivated by [BM11], we provide a simple and mathematically rigorous
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Figure 2-3: Reduction from a five-layer symmetric flow to a three-layer one.
way to derive the Boussinesq equations from the non-Boussinesq one, through the limit
r −→ 0, which justifies this being called the ‘Boussinesq limit’.
The first result proved in the paper is the existence of a special symmetry in the
system in the physically relevant case R = 1, which allows the existence of ‘pure’ mode
2 solutions, with these constituting an invariant subspace of dimension 2 lying in the
four-dimensional phase space. In other words, we proved that if a wave starts being a
pure mode 2, it will remain mode 2 until it breaks or loses hyperbolicity.
Motivated by this result, a new ‘modal’ change of variables is proposed, which
allows one to decompose the phase space in the direct sum of two sets: one of mode 1
waves, denoted by B1 and another of mode 2 waves, denoted by B2. While the B2 is
actually a two-dimensional invariant space, as mentioned above, we prove that this is
not the case for B1. In fact, any wave starting in B1 is subjected to a dynamics given
by Equations (63) and (64) which makes it to leave B1 immediately.
As ‘pure’ mode 1 initial conditions do not preserve this feature in general, one use
an alternative way to find these solutions. This was done through simple waves [CT10],
which is a very important dynamical system tool for the study of mixed-type systems
of hyperbolic PDEs [CMM+09].
Finally, we find that, although a modal decomposition that preserves mode 1 so-
lutions is not always possible, an approximate decomposition do preserve the main
features of the solution and reduces the problem from 4 to 2 dimensions. These new
reduced models are then explored numerically and their performance is compared to
the full model.
Another example of a three-layered flow that is very important in applications is
derived when (in a three-layer flow) we remove the upper rigid lid and replace the upper
layer by an unbounded layer of lighter and dynamically passive fluid. Despite the flow
being composed by three layers, only two of them are dynamically active and for this
reason, this is called a ‘two-and-a-half-layer’ flow, being a good model for surface and
internal ocean waves [SS53]. This model is studied in the next chapter.
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Chapter 3
Nonlinear Stability of Two-layer Shallow Water
Flows with a Free Surface
In this chapter, we turn our focus to two-and-a-half-layer flows under the shallow water
limit. Again, we start by formulating the problem in the general non-Boussinesq case
and then investigate both dynamics and stability properties of the flow in the case
where the upper layer has zero density, also known as the ‘free surface’ case. The work
presented in this chapter is joint with Paul A. Milewski, and will be submitted shortly
to the scientific journal European Journal of Mechanics B/Fluids [dMVM18b].
3.1. Outline of the Article
Ocean waves are one of the most studied phenomena in geophysical fluid mechanics.
The idea of modelling the ocean as a ‘three-layer’ flow has been explored by researchers
at least since the late 40’s [SS53]. In this configuration, we have two layers of ‘heavy’
fluid, which models the ocean water (e.g. salty and fresh layers of water), and an
unbounded layer of passive and almost zero density fluid, which represents the atmo-
sphere. For this reason, this is called ‘two-and-a-half-layer’ configuration [Bai95], as one
of the layers is dynamically passive. The fact that the displacement of surface waves is
very small if compared to the internal waves suggests that this could be approximated
by a two-layer rigid lid problem [Ovs79]. Although the latter results in a system of
2 equations of much simpler mathematical treatment, it only captures the baroclinic
internal wave (see Section 2.1 of the paper) modes and not the barotropic waves. This
motivates further studies on the more complex two-and-a-half-layer problem.
Section 1 highlights the main prior mathematical and numerical advances in the
field. In Section 2, the problem is stated and the governing equations are derived. It
leads to a 4×4 system of PDEs, which are one-dimensional in space and local even in the
non-Boussinesq case, contrasting to both two- and three-layer rigid lid problems, whose
equations are nonlocal in general [BM11], [dMVM17]. We show the six conservation
laws for the system [Bar06], which are essential in the study of shock solutions [MT15].
In Section 3, we turn our attention to the dynamics and stability analysis of the
equations. These are of mixed-type, as discussed in Section 3.2, meaning that a hyper-
bolic (wave-like) solution might become elliptic in finite time, before it breaks, resulting
in an ill-posedness (or nonlinear instability) of the system. In Section 3.3, we show that
the actual stability properties of the system depends only on two ‘baroclinic’ quantities
and use this result to project the phase space in the plane, allowing the transition to
ellipticity to be clearly monitored. This result also suggests a new change of variables
that allow us to rewrite the system in terms of these two quantities plus the other two
’barotropic’ ones, which only affect the dynamics and not the stability. In Section 3.4,
we explore this idea further through the use of simple waves [CT10] which correspond
to the individual baroclinic and barotropic waves of the system. We then discuss the
use of these as a tool to study the long time well-posedness [CMM+09] of the system
and raise questions that we aim to answer in the future.
We conclude with Section 4 by summarising our findings and pointing out directions
for future investigations.
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NONLINEAR STABILITY OF TWO-LAYER SHALLOW
WATER FLOWS WITH A FREE SURFACE
F. DE MELO VIRI´SSIMO1 AND P. A. MILEWSKI2
Abstract. The problem of two layers of immiscible fluid, bordered
above by an unbounded layer of passive fluid and below by a flat bed,
is formulated and discussed. The resulting equations are given by a first
order, four-dimensional system of PDEs of mixed-type. The relevant
physical parameters in the problem are presented and used to write
the equations in a non-dimensional form. The conservation laws for
the problem, which are known to be only six, are explicitly written
and discussed in both non-Boussinesq and Boussinesq cases. Both
dynamics and nonlinear stability of the Cauchy problem are discussed,
with focus on the case where the upper unbounded passive layer has
zero density, also called the free surface case. In this situation, we
prove that the stability of a solution depends only on two parameters:
the shear and the difference of layer thickness, the former being the
most important one. We also discuss the use of simple waves as a tool
to bound solutions and preventing a hyperbolic initial data to become
elliptic. We conclude presenting further directions for this research.
1 Introduction
Internal waves are a major topic of scientific interest [HM05], playing a key role
in climate and weather studies [SO98], [RSG10], and mathematical models and
their analysis play an important part in their understanding [Maj03], [Ped82].
Internal waves can, in certain cases be modelled as interfacial waves, which are
waves propagating due to the difference in density between layers of fluid. This
approach simplifies the problem substantially and yet may be used to model well
the horizontal propagation of disturbances.
The correspondence between interfacial (or layered) models and the more geo-
physically relevant continuous stratification case is clear when the stratification has
1Department of Mathematical Sciences, University of Bath, United Kingdom. e-mail:
F.de.Melo.Virissimo@bath.ac.uk.
2Corresponding Author. Department of Mathematical Sciences, University of Bath, BA2
7AY, Bath, United Kingdom. e-mail: P.A.Milewski@bath.ac.uk.
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sharp pycnoclines but is also used more broadly based on the idea of an “effective
layer depth”. This is when the layer depths are chosen to match the wave-speeds
of the first few modes arising from the physical stratification. In general, layered
flow models in the geophysical context are considered in the long wave (or ‘shal-
low water’) limit, where horizontal length scales are much larger than layer depths.
The resulting models can be either weakly or strongly nonlinear, and dispersive
or not. KdV equations arise in the balance of weak dispersion and weak nonlin-
earity [Ben66], [GPT97] whereas MCC type equations arise in the fully nonlinear,
weakly dispersive case [Miy88],[CC99]. Strongly nonlinear non-dispersive models
yield first order PDEs of mixed-type which allow for the study of breaking waves
and instabilities arising from large shear. Such phenomena are difficult to study in
MCC systems where it is not known whether waves can break, and where stability
is difficult to study and instabilities tend to be “filtered” for numerical simulations.
In this paper we focus on this strongly nonlinear, non-dispersive case, and we
study the dynamics of two layers of immiscible fluids, bounded below by a hor-
izontal bottom and above by an unbounded layer of fluid, which is dynamically
passive but has density, contributing hydrostatically to the pressure. This is some-
times called a ‘two-and-a-half-layer’ configuration in contrast with the two-layer
free surface case which we also study and for which the upper fluid has zero density
[Bai95]. The PDEs resulting from these equations are of mixed-type: hyperbolic
or elliptic, depending on the local layer depths and shear. In such a mixed-type
model, a crucial mathematical question is whether initially wave-like (hyperbolic)
solutions remain inside the hyperbolic domain. It is known that this is always the
case for two-layer flows with a rigid lid in the Boussinesq approximation [MTT+04],
but that it fails in the non-Boussinesq case [BM11], where more restricted initial
data needs to be imposed to ensure hyperbolicity.
For two-layer flows with a free surface, the situation is similar: a wave-like
initial condition might also leave the hyperbolic region before it breaks [Ovs79],
meaning that the Cauchy problem is ill-posed (or nonlinearly unstable). This fact
contrasts to one-layer flows with a free surface, as the latter is known to be always
well posed and connected to the two-layer Boussinesq equations through a map
[CMM+09b]. The stability of these equations has been an active topic of research
for decades [SS53], [Arm86], [Law90], but most progress has been made towards
numerical studies [CMP01], [CDFNGVn11] rather than analytical ones [BC08],
[GK14], [JC14]. In particular, no explicit criteria that prevents a solution to leave
the hyperbolic region is known, although local stability was proven [Mon15]. In
this paper, we shed some light into the problem by presenting a way of visualising
the phase plane in two dimensions, and use simple waves [CT10], [MM08] to study
the stability of the system.
The paper is organised as follows. In Section 2, we first state the problem and
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derive the governing equations for the general (i.e. non-Boussinesq) case resulting
in a semilinear system of first-order PDEs. The relevant physical parameters for
the problem are introduced and used to write the system in a non-dimensional
form. Some limit cases are discussed, in particular the Boussinesq case (in which
the density differences contributes only in the buoyancy terms) and the free surface
case (in which the density in the upper unbounded and passive layer of fluid is
assumed to be zero), being the latter a very common model for internal ocean
waves. Section 2 concludes with a discussion of the conservation laws for this
problem in both non-Boussinesq and Boussinesq cases. In Section 3, we turn our
attention to the dynamical and nonlinear stability properties of the model. It is
shown that in the free surface case, the stability of the system depends only on
two physical quantities: the shear and the difference of layer thickness. This result
allows a characterisation of the phase space and its hyperbolic region in a plane,
and to see the transition to ellipticity without the need to for a four-dimensional
space (as the PDE system is 4× 4). Finally, we discuss the use of simple waves as
a way to look into individual waves of the system, as well as a dynamical system
tool to investigate and prevent the transition from the hyperbolic to the elliptic
region. In Section 4 we summarise our findings and discuss further extensions to
the present work.
2 Two-and-a-half-layer shallow water flows
Consider a two-dimensional, irrotational flow of ideal, incompressible and immisci-
ble fluids in two layers, under the action of gravity, bounded below by a horizontal
rigid bottom and above by an unbounded layer of fluid, as shown in Figure 1. The
dynamics in the upper layer of fluid is neglected and all its effects in the dynamics
of the flow is due to the hydrostatic pressure exerted on the lower layers.
The fluid density, pressure and velocity fields in each layer are given by ρj,
pj(x, y, t) and uj(x, y, t) = (uj(x, y, t), vj(x, y, t)) respectively, with j = 1 repre-
senting the lower layer and j = 2 representing the upper layer. The passive un-
bounded fluid above, represented by j = 0, has no velocity field and the pressure
due to it is assumed to be hydrostatic below a reference level height Href at which
it is constant (of course, the resulting equations are independent of Href). Usually
this represents is a layer of much lower density such as the atmosphere above a
stratified ocean. The height of each of the active layers is given by hj(x, t) and the
interface between the layers are given by Σ1 = {y = h1} and Σ2 = {y = h1 + h2},
as schematically indicated in Figure 1. In this paper, we only consider the case
where ρ1 ≥ ρ2 ≥ ρ0. In the real world (e.g. the ocean), ρ1 usually varies from
1010 − 1050 kg/m3 (very salty water), ρ2 ranges from 999 − 1010 kg/m3 (fresh




Figure 1: Schematic illustration for the two-and-a-half-layer problem.
the sea level.
The mathematical model [CRB11], [Bai95] for the dynamics in each layer is




= −∇pj − Fj, (2.1a)
∇ · uj = 0, (2.1b)
for j = 1, 2, with Fj being the force field due to external sources. In this model,
only gravitational forces play a significant role and so we will consider Fj = (0, ρjg).
The boundary conditions are the impermeability condition at the bottom wall
v1 = 0 on y = 0, (2.2)
the kinematic conditions (KBC) and the dynamic condition (DBC) on Σ1 respec-
tively given by
h1,t + u1h1,x = v1, (2.3a)
h1,t + u2h1,x = v2, (2.3b)
p1 = p2, (2.3c)
while on Σ2 those conditions are
(h1 + h2)t + u2 (h1 + h2)x = v2, (2.4a)
p2 = p0. (2.4b)
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Considering the normal vector on Σ1, n = (−h1,x, 1) and combining (2.3a) and
(2.3b), gives
n · u1 = n · u2 (2.5)
on the interface Σ1, which implies the continuity of normal velocity condition be-
tween the active fluid. The tangential velocity, however, can be discontinuous at
the interface.
This gives us a set of 6 first order equations with 6 boundary conditions for
the 6 unknowns uj, vj, pj, j = 1, 2. This is a free boundary problem, as the domain
is also unknown and appears through h1 and h2 in the boundary conditions. This
configuration is called the ‘two-and-a-half-layer’ model.
2.1 Nondimensionalisation and relevant parameters
We introduce the following non-dimensional parameters
x˜ = x/L, y˜ = y/H, t˜ = t(
√
gH/L), ρ˜j = ρj/ρ,
h˜j = hj/H, u˜j = uj/
√
gH, v˜j = vj/µ
√
gH, p˜j = pj/ρgH.
Here ρ = (ρ1 + ρ2)/2 is the average density in the layers, H and L are respectively





is the long wave (or shallow water) parameter, which is small in the shallow water
limit. Physically, H = H1 + H2, where Hj is the undisturbed height for the j-th
layer of fluid. From now on, we will drop the tildes and work only with the rescaled







2.2 Shallow water limit and the governing equations
The shallow water (or long wave) limit corresponds to the case µ  1, which
implies that the horizontal velocity is well represented by its average and that the









where yj(x, t) is the coordinate of the lower interface of the j-th layer. The averaged
quantities vj and pj can be defined in a similar fashion. Consequences of the shallow
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water limit are that the pressure is hydrostatic, and that, if the flow is irrotational
in each layer,
uj(x, y, t) = uj(x, t) +O(µ2). (2.8)
This means the equations for the mean horizontal velocities can be decoupled
from the vertical components [dMV18], resulting in a closed system for uj and
hj. For simplicity we drop the bars and in the shallow water limit µ −→ 0, the
governing equations become
h1,t + (h1u1)x = 0, (2.9)


































+ (ρ2 − ρ0)h2h1,x = 0. (2.12)
For more details, the reader is referred to [dMVM17], where a similar derivation
for the three-layer rigid-lid shallow water equations is carried out.
Note that these constitute 4 equations for the 4 variables u1, u2, h1 and h2,
which makes the system mathematically closed. The (hydrostatic) pressure do
not appear as an additional unknown in these equations, meaning that they are
local evolution equations even in the non-Boussinesq case and for any boundary
conditions in the horizontal direction. This is a major difference from the layered
problems with a rigid lid [BM11], [dMVM17], where the pressure appears in the
momentum equations in the non-Boussinesq case as an additional unknown, gen-
erally requiring a nonlocal equation to close the problem. This difficulty appears
because the pressure at the lid (or another reference level) is unknown whereas in
the present case the pressure is known in a reference location.










result from only 2 independent parameters (say ρ0/ρ1 and ρ2/ρ1).
2.3 Limiting cases
There are generally several further approximations possible in this problem. One
can make the free surface approximation where ρ0 = 0. This is applicable, for
example when modelling interfacial waves in the ocean, with the atmosphere rep-
resented in the model by the upper unbounded layer having much lower density.
In this approximation, the number of independent parameters reduces from 2 to 1.
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Both the dynamics and stability for this case will be discussed in detail in Section
3.
A second possible approximation is the Boussinesq approximation [dMV18].
This is usually an approximation imposed ab initio by considering that the density
differences only affect the buoyancy terms and not the acceleration terms. Under




























+ (ρ2 − ρ0)h2h1,x = 0, (2.14)
were the densities multiplying the acceleration terms where replaced by the average
density ρ = 1. In contrast with the rigid lid case, the Boussinesq approximation
in the free surface case does not change the nature of the equations. It only
changes the numerical value of the coefficients of the buoyancy terms, and the
physical interpretation of the resulting conservation laws. On the other hand, the
Boussinesq approximation in the rigid lid case changes the nature of equations by
making them local [BM11], [dMVM17].
From the two-and-a-half-layer Boussinesq equations, one can then derive the
two-layer rigid-lid Boussinesq equations as a special limiting case. In the limit of
when the ratio of the speed of the internal mode to the surface mode tends to zero
in (2.9), (2.10), (2.13), (2.14), which occurs when (ρ1 − ρ2)/ρ0  1 with ρ0 fixed
[MT15], the two-layer rigid-lid Boussinesq equations are recovered. Introducing
the variables
d = h1 − h2, w = u1 − u2, D = h1 + h2, P = h1u1 + h2u2, (2.15)
























Dt + Px = 0. (2.19)
where the first two equations are the two-layer rigid-lid equations and are indepen-




A conservation law is an expression of the form
(q(x, t))t + (F (q(x, t)))x = 0 (2.20)
where q(x, t) is the quantity conserved and F (q) is the flux of q. Conservation laws
reflect physical principles and can be used to provide realistic physics when waves
break and discontinuous solutions result [Smo94]. For example, appropriate choices
of conservation laws can be used as part of a model in stratified flows to understand
the macroscopic consequences of the interfacial wave breaking [MT15] with or
without entrainment between layers. They can also be useful to verify the accuracy
of certain numerical methods and devise conservation law based ones [LeV02].
It is well known that the systems discussed here have exactly 6 linearly in-
dependent conservation laws [Bar06]: 2 conservations of mass, 2 conservations of
circulation, conservation of total momentum and conservation of total energy. In
what follows, we note that the variables hj and uj can be written as a function
of the conserved quantities and hence the expressions below are consistent with
Equation (2.20).
2.4.1 Consevation of mass
The conservation of mass in each layer is stated by equations (2.9), (2.10) obtained
previously. Note that, since the flow is incompressible and ρj is constant, the
conservation of mass can also be seen as conservation of volume.
2.4.2 Conservation of circulation
Expanding the derivatives in the momentum equations (2.11), (2.12) and using

















with the new ‘reduced ’ densities given by ρ˜i,j = (ρi − ρ0)/ρj, for j = 1, 2.
Physically, these are better interpreted as conservation of circulation by taking
















which states the conservation of circulation around Σ1. Defining w2 = ρ2u2−ρ0u0,









which states the conservation of circulation around Σ2.
2.4.3 Volume flux and conservation of total momentum







2h2 + (ρ1 − ρ0)
h21
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A related quantity to momentum is the total volume flux (or discharge) defined













+ (ρ˜21h1h2,x + ρ˜22h2h1,x) = 0 (2.25)
which is not a conservation law since ρ˜21 6= ρ˜22 in general. However, in the Boussi-





2h2 + (ρ1 − ρ0)
h21
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Thus, the Boussinesq approximation conserves discharge (which is indistinguish-
able from its “momentum”).
These conservations laws should be contrasted with the rigid lid case for 2 (or
more) layers. In that case, the discharge can be shown not to depend on x and
in the Boussinesq approximation, to be a constant. Further, in the non-Bousinesq
case, the evolution equation for Q is useful in calculating the nonlocal equation
for the pressure [BM11] and the momentum is not generally conserved [CCF+12].
2.4.4 Conservation of total energy



















































3 Dynamics and stability
The two-and-a-half-layer non-Boussinesq model discussed in this paper is a quasi-
linear 4 × 4 system of PDEs which, by equations (2.9) to (2.12), can be written
as
Ut + A(U)Ux = 0, (3.1)
where





u1 0 h1 0
0 u2 0 h2
ρ˜11 ρ˜21 u1 0
ρ˜22 ρ˜22 0 u2
 , (3.3)
with ρ˜i,j being the ‘reduced’ densities introduced in Section 2.4.2.
Physical solutions for (3.1) must satisfy hj ≥ 0, with no a priori restrictions
on uj. We note that hj = 0 are invariant subspaces of codimension 1 in the four-
dimensional phase space. Moreover, we note that a solution that initially satisfies
hj ≥ 0 will never cross hj = 0 and leave this region. In addition, a solution that
is tangent to one (or both) of these hyperplanes at a point will remain tangent all
throughout its evolution. This is numerically illustrated in Figure 2 for a solution
initially satisfying h1(x1, 0) = 0 and h2(x2, 0) = 0.
3.1 Linear waves and fundamental modes
Consider the general situation showed in Figure 1 and described by equations (2.1a)
to (2.5). Disturbing the uniform quiescent state of constant hj = Hj and zero uj, vj
as in a standard Kelvin-Helmholtz linear stability analysis, one obtains travelling
wave modes proportional to ei(kx−ωt), with ω given by the following dispersion
10
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(a) t = 0








(b) t = 1








(c) t = 2








(d) t = 3
Figure 2: Numerical example of tangency to the hypersurfaces defined by h1 = 0
and h2 = 0. The profile in blue corresponds to h1, while h1 + h2 is plotted in red.
This solution has a initial condition satisfying h1(x1, 0) = 0 and h2(x2, 0) = 0, for
x1 = −pi/2 and x2 = pi/2.
relation:(
ρ1 coth(|k|H1)(ρ0 sinh(|k|H2) + ρ2 cosh(|k|H2))





(ρ2 − ρ1)(ρ0 sinh(|k|H2) + ρ2 cosh(|k|H2))
− (ρ2 − ρ0)(ρ1 sinh(|k|H2) coth(|k|H1) + ρ2 cosh(|k|H2))
)
ω2
+ g2|k|2(ρ2 − ρ0)(ρ1 − ρ2) sinh(|k|H2) = 0.
By rescaling the variables and taking the long wave limit , where |k|Hj  1, one
gets the equation for the wave-speeds λ = ω/|k|:
λ4 − (ρ˜11R1 + ρ˜22R2)λ2 + ρ˜22R1R2 = 0, (3.4)
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where Rj = Hj/(H1 +H2) and  = (ρ1 − ρ2)/ρ1.
Equivalently, one could linearize the system (3.1) around U0 = (R1, R2, 0, 0).
Substituting U = U0 + U˜ and dropping the nonlinear terms gives




0 0 R1 0
0 0 0 R2
ρ˜11 ρ˜21 0 0
ρ˜22 ρ˜22 0 0
 , (3.6)






(ρ˜11R1 + ρ˜22R2) +
√









(ρ˜11R1 − ρ˜22R2)2 + 4ρ˜21ρ˜22R1R2
)
< ρ˜11R1.
This result corresponds to two modes in each direction. The two faster ones,
whose interfaces are travelling in phase (see below), are called the first baroclinic
(or barotropic) mode, and the two slower ones, whose interfaces are travelling out
of phase (see below), are called the second baroclinic (or simply baroclinic) mode,
respectively depending on the geophysical context [CRB11].
To illustrate this, we can solve the linear system (3.5) for λ+ to get
h1 = R1 + cos(x),







Figure 3 (left) shows how this solution evolves in time. We note that as λ2+ > ρ˜11R1,
this solution travels in phase. This is the case of a barotropic wave. On the other
hand, by solving (3.5) for λ− we get
h1 = R1 + cos(x),







This solution is shown in Figure 3 (right) and is an example of a baroclinic wave.
Note that λ2− < ρ˜11R1 and therefore the interfaces are out of phase.
12
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Figure 3: Numerical examples of a barotropic wave (left) and a baroclinic wave
(right).
3.2 Nonlinear stability
The system (3.1) is hyperbolic [Joh78], [Whi74] if all its eigenvalues are real and
its eigenvectors span R4. The eigenvalues, denoted by λ, are given by the roots of
the characteristic polynomial
P (λ) = λ4 − 2(u1 + u2)λ3 + ((u1 + u2)2 + 2u1u2 − (ρ˜11h1 + ρ˜22h2))λ2
− 2(u1u2(u1 + u2)− (ρ˜11h1u2 + ρ˜22h2u1))λ
+ (u1u2)
2 − (ρ˜11h1u22 + ρ˜22h2u21) + (ρ˜22h1h2). (3.7)
Note that in general, the polynomial above cannot be written as a bi-quadratic
polynomial, which implies that the characteristic velocities are different in each
direction (left and right) due to the shear |u2 − u1|.
An important question related to stability is whether an initially hyperbolic
flow remains hyperbolic throughout its evolution. This is called nonlinear stability
and is a form of long-time well-posedness for a Cauchy problem [Had02].
For the system (3.1), (3.2), (3.3), contrary to the two-layer rigid lid case, and
consistent with the remarks of [CMM+09b], a solution evolving from initially hy-
perbolic data might cross into the elliptic region of the phase space. This is shown
in Figure 4 for ρ0 = 0, ρ1 = 1 and ρ2 = 0.9.
13
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Figure 4: Numerical example of nonlinear instability in the two-and-a-half layer
shallow water model. The real part and imaginary parts of the eigenvalues are
shown in solid and dashed lines, respectively. On the left are shown the eigenval-
ues at initial stage for a hyperbolic initial condition. On the right one sees that
transition occurs as the baroclinic speeds become complex conjugates, indicating
a loss of hyperbolicity and ill-posedness.
3.3 The free surface case
The free surface case corresponds to zero density of the unbounded upper layer.
The characteristic polynomial (3.7) becomes
P (λ) = λ4 − 2(u1 + u2)λ3 + ((u1 + u2)2 + 2u1u2 − (h1 + h2))λ2
− 2(u1u2(u1 + u2)− (h1u2 + h2u1))λ
+ (u1u2)
2 − (h1u22 + h2u21) + h1h2. (3.8)
In order to understand the stability in the free surface case, we can locally change
the variables in this polynomial so that u1 + u2 = 0. In fact, redefine uj as





for j = 1, 2. Then, if we write u = u˜1, we have u˜2 = −u˜1 = −u. In these new
variables we have
P (λ) = λ4− (2u2 + (h1 +h2))λ2−2u(h1−h2)λ+(u4− (h1 +h2)u2 + h1h2). (3.9)
This corresponds to a pointwise reference frame transformation in the original




Next, for every γ ∈ R \ {0}, the rescalings
h˜j = γhj, u˜ = γ
1/2u, λ˜ = γ1/2λ
do not change the roots. Now, by taking γ = (h1 + h2)
−1, we have the identity
h˜1 + h˜2 = 1. Introducing the variables w = γ
1/2u˜1 − γ1/2u˜2 = 2u and h = h˜1 − h˜2.
Then, the polynomial (3.9) depends only on the two variables h,w, instead of
four. This surprising result shows that, in the free surface case, we can state the
following theorem:
Theorem 3.1. The stability of the free surface non-Boussinesq equations sys-
tem (3.1)-(3.3) with ρ0 = 0 depends only on the two dynamic variables h =
1
(h1 + h2)
(h1 − h2) (rescaled layer displacement) and w = 1
(h1 + h2)1/2
(u1 − u2)
(rescaled interfacial shear). The characteristic polynomial is




















While the stability of the system depends on two quantities, the dynamics is still
four-dimensional.
Theorem 3.1 is very helpful as it gives a precise picture of the hyperbolic region,
as shown numerically in Figure 5 for different values of . Although these plots
represent only a cross section of the phase space, Theorem 3.1 guarantees that such
projections do not change along the other two directions and therefore they show
precisely how a initial condition evolves in time. This fact allows, for instance,
one to see the dynamics in the phase space for the nonlinear unstable example in
Figure 4. This is presented in Figure 6, where it is possible to see that the solution
enters the elliptic region indeed.
We note that the arguments used to prove Theorem 3.1 do not apply to the case
ρ0 6= 0. In fact, as the upper layer is dynamically passive, its governing dynamical
equation is u0 = 0, which is not invariant under translations as equations (2.11)
and (2.12).
3.3.1 Governing equations in the new variables
The ideas used to prove Theorem 3.1 suggests a novel way of writing the sys-
tem (2.9)-(2.12), such that its phase space is precisely the one provided by the
theorem. Introduce












(a)  = 0.001






(b)  = 0.1






(c)  = 0.5






(d)  = 0.9
Figure 5: Examples of shear plane (h,w) for different values of , where the hy-
perbolic region is in grey and the elliptic region is in black. The physical region is
given by −1 < h < 1 and w ∈ R. Note that the solution is hyperbolic for |w| small
(weak shear) and become elliptic as the shear increases, indicating the transition
to a regime where small scale effects are important and that is not captured by the
model. Physically, this indicates the appearance of large-scale Kelvin-Helmholtz
instabilities in the interface. The height of the hyperbolic region scales like
√
 and
when  1 converges to the rectangle (h,w) = [−1, 1]× [−√,√] corresponding
to the hyperbolic region in (2.16)-(2.17).
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Figure 6: Numerical example of nonlinear instability in the free surface case pre-
sented in Figure 4, where  = 0.1. The image on the left shows the solution from
an initial stage (blue dashed curve) where it is still inside the hyperbolic domain,
up to the point where it crosses the parabolic boundary (red curve crossing the
black line). On the right it is possible to see that the solution becomes unstable
immediately after it moves into the elliptic region (yellow curve).













































As before, these equations can be written as a 4 × 4 system of PDEs of the
form (3.1), where U = (H, h,G,w)T . This system has characteristic polynomial
given by Equation (3.10).
3.4 Simple waves
In a two-and-a-half-layer shallow water flow, the decoupling of characteristic modes
is not possible as in the three-layer shallow water flow [dMVM17]. However, the
study of pure baroclinic and barotropic waves is possible through special solutions
called simple waves. These are very important solutions of the form
U(x, t) = V(θ(x, t)). (3.12)
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Figure 7: Two numerical examples of pure barotropic waves in the free surface
case, computed along a particular simple wave curve, for  = 0.1. The initial wave
is in black dashed line. Note the nonlinear steepening of each wave.
Replacing equation (3.12) into (3.1) yields
Vθ θt + A(V)Vθ θx = 0, (3.13)
which has a solution if and only if A(V)Vθ is proportional to Vθ, leading to the
eigenvalue problem
[A(V(θ))− λ(θ)I] Vθ(θ) = 0, (3.14)
and where θ(x, t) must obey the evolution PDE
θt + λ(θ)θx = 0, (3.15)
which is hyperbolic if λ(θ) is real, for all θ. The eigenvectors Vθ from equa-
tion (3.14) yield, for each eigenvalue family, a vector field in the phase space
whose integral curves are the simple waves, meaning that Vθ is tangent to these
curves. For regions in phase space where our system is strictly hyperbolic, this im-
plies the existence of 4 curves through each point. Each of these curves is a simple
wave and is invariant under the evolution of the PDE: solutions starting on these
curves remain on them, only the parametrisation θ(x, t) changes with time. Thus
the 4 eigenvectors at each point yield a local basis of the phase space providing a
decomposition based on in terms of the wave speeds λ(θ), or, physically speaking,
in terms of the two baroclinic waves and the two barotropic waves. Examples of
numerically computed evolution of simple waves in the physical system are shown
in Figures 7 and 8 .
Simple waves are of crucial importance in the study of nonlinear first or-
der hyperbolic PDEs. In two-dimensional systems, they define invariant regions
18
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Figure 8: Two numerical examples of pure baroclinic waves in the free surface
case, computed along a particular simple wave curve, for  = 0.1. The initial wave
is in black dashed line. Note the nonlinear steepening of each wave.
[CMM+09a], [BM11] due to the property that simple waves do not allow a general
solution to cross it tangentially [CT10]. That is the case discussed in the beginning
of Section 3: the hyperplanes hj = 0 are not only invariant subspaces, but they
are also generated by simple waves, so that any solution that is tangent to one
(or both) of these hyperplanes is actually tangent to a three-dimensional surface
of simple waves, which prevents the solution to go into the elliptic region.
Furthermore, for mixed-type first order PDE systems, if an initial condition
can be bounded by simple waves that do not themselves reach the boundary of the
hyperbolic region, then the solution will remain hyperbolic until breaking. There-
fore, using simple waves one can build the largest such region, which can be seen
as a sharp bound to on hyperbolic initial data that prevents the solution straying
into the elliptic region and therefore rendering the problem ill-posed [BM11].
In systems larger than two-dimensions, simple waves still provide a construction
of “pure” wave solutions, but are less useful for bounding solutions, except in
particular cases, for example when there is an invariant subspace of dimension two
as in a three-layer shallow water Boussinesq problem [dMVM17].
Ideally, we would like to find manifolds generated by families of two (or even
three) simple waves. These manifolds would contain families of both simple waves
that exist for each mode of motion and would allow one to construct initial data
that has waves propagating in both directions in a single mode of the system.
However, such manifolds do not exist for general systems of PDEs. The reason
is due to the non-existence of an integrating factor for general differential forms in
dimensions greater than two and, which implies that Riemann invariants, which
19
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would allow us to construct such manifolds, do not exist generically, as discussed
in [dMVM17].
4 Conclusions
We have derived and studied the long wave dynamics of a two-layer flow with third
unbounded and dynamically passive layer above, in both Boussinesq and non-
Boussinesq cases. Some limit cases were discussed, particularly the situation when
the density of the upper unbounded layer is zero. In this case, physically motivated
changes and rescaling in the dependent variables show that the stability depends
only on two of these quantities: the shear and the difference in the layer thickness.
We use that feature to visualize the phase plane and to show, numerically, that a
nonlinear unstable solution indeed leaves the hyperbolic region. By visualising the
phase (shear) plane, we noticed the existence of another hyperbolic region for large
shears. Preliminary numerical investigations showed that the solutions starting in
that region are extremely unstable and move towards the elliptic region in a very
fast pace, but this is a matter that deserves further investigation. We use the same
change of variables to rewrite the equations in a more appealing way and study
the simple waves in this new system. All these results were proven for the free
surface case and, although that is the only relevant case in most applications (e.g.
ocean), it is of mathematical interest to investigate the case in which the density
in the upper unbounded layer is weak, but nonzero.
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The equations for the vertical mean velocities read, for each layer, as
ρ1 ((h1v1)t + (h1u1v1)x) = 0,
ρ2 ((h2v2)t + (h2u2v2)x) = 0.
It is precisely the shallow water hypothesis, discussed in detail in Chapters 1 and
2, that allow us to decouple the system of 6 equations into two systems of PDEs: one
is the set of the 4 equations for uj , hj given by Equations (2.9) to (2.12) and the other
is the set of 2 equations above which gives vj , for j = 1, 2. The former is independent
of the latter but the converse is not true. However, once we found uj and hj , we can
then solve the equations above for vj .
In order to do that, we note that the shallow water approximation (see Equation
(28) in [dMVM17]) also results in
ujvj = (uj)(vj),
which makes the equations above dependent of the average of the functions uj , hj and
vj only. We can then drop the bars and rewrite
(h1v1)t + (h1u1v1)x = 0,
(h2v2)t + (h2u2v2)x = 0.
These equations can be simplified if we use the conservation of mass equations (2.9)
and (2.10), so that
v1,t + u1v1,x = 0,
v2,t + u2v2,x = 0.
This implies that the vertical velocity in each layer is given by the advection equa-
tion. Once we know uj , these equations can be easily solved via their characteris-
tics [Dur99], [CJ13]. We could also write
Vt + c(uh)Vx = 0,
where
V = (v1, v2)









For the three-layer shallow water equations in Chapter 2, a similar calculation gives
v1,t + u1v1,x = 0,
v2,t + u2v2,x = 0,
v2,t + u2v2,x = 0,
which shows that the vertical velocities are advected with speed given by the horizontal
velocities, and are independent of the unknown pressure in the rigid lid [dMVM17].
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3.3. Conclusions
We have discussed the two-and-a-half-layer shallow water problem in the more general
non-Boussinesq case. Although the Boussinesq case is sufficient for geophysical appli-
cations, we remark that there is not a significant difference between these: both are
modelled by local equations (the pressure is not an additional unknown). In addition,
both cases are described by semilinear PDEs which may be hyperbolic or elliptic de-
pending on the flow. This is in contrast to the two-layer rigid lid case [BM11], where
the Boussinesq approximation has strong mathematical consequences. We also remark
on the conservation laws for both cases and their physical interpretation.
After these considerations, we investigate a limiting situation, the so-called free sur-
face case, which attained by making ρ0 = 0. This simplification is physically reasonable
for the ocean-atmosphere case and has a profound mathematical implication: it makes
the system be Galilean invariant and allow us to deduce that its stability depends only
on the layer displacement h and the interfacial shear w, a result that has several con-
sequences. First, it allow us to visualise the hyperbolic region, which is originally a
four dimensional set, as a projection onto a plane. Second, one can rewrite the system
in terms of these two ‘stability’ variables h and w plus two other variables, the mean
velocity G and the total layer thickness H, resulting in a system with characteristic
polynomial depending only on h and w.
This new system of equations is then used to find pure baroclinic and barotropic
solutions as simple waves of the system. The use of simple waves as a dynamical
system tool to study stability is also discussed and directions for future investigations
are indicated.
A question of interest is what happen to a smooth hyperbolic solution after breaking.
This question is approached in the next chapter.
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Chapter 4
Conservation Law Modelling of Entrainment in
Stratified Two-layer Shallow Water Flows
In this chapter, we turn to the study of the solutions after a wave breaks. This is
done through a new methodology, proposed in the works of [MJT08] and [MT15].
After reviewing the main ideas of this methodology, we apply it to study the dam-
break and lock exchange problems in the two-layer shallow water configuration, in the
more general (i.e. non-Boussinesq) case. The study is validated through numerical
simulations, with extensions also proposed at the end.
The work presented in this chapter is joint with Paul A. Milewski, and is currently
the draft of a forthcoming submission [dMVM18a].
4.1. Outline of the Article
As a nonlinear phenomena, shallow water waves in fluids are subject to breaking, an
evident fact for anyone who has been to a coastal beach, for example. Shallow water
waves, whose evolution is modelled by PDEs, lose smoothness after a wave breaks,
as this constitutes a singularity in the wave slope and the horizontal velocity field.
Consequently, after breaking, classical solutions to the PDEs do not make sense, which
poses an additional difficulty in the modelling of breaking waves [Smo94].
A way of overcoming this is to reinterprete the equations in terms of their integral,
or ‘weak’, formulation [LeV02]. An integral formulation allows non-differentiable (and
even discontinuous) solutions, which are the case of a shock that propagates after a
wave breaks. However, contrary to the Cauchy problem for PDEs, there are many
possible integral formulations leading to different weak solutions, and allowing various
possible scenarios for a wave after a shock is formed. Therefore, when modelling shocks,
it is crucial to find a way of ‘choose’ among these for the most physical solution for the
problem in question [Fri17].
In Section 1, we review this methodology and its results for a two-layer shallow
water system with a rigid lid in the Boussinesq approximation and introduce the two-
layer general (non-Boussinesq) model, which is one-dimensional in space. In Section 2,
the conservation laws for the system are discussed, all of which can be found through a
PDE given in Corollary 2.1. In Section 3, two scenarios are proposed for investigation:
in the first, we opt for conserving mass and a quantity that represents circulation; in
the second, conservation of mass is proposed to be replaced by conservation of en-
ergy. Numerical simulations are performed using a semidiscrete central-upwind scheme
derived in [KNP01].
Finally, we conclude with Section 4, where we also indicate further directions for
the present work.
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CONSERVATION LAW MODELLING OF
ENTRAINMENT IN STRATIFIED TWO-LAYER
SHALLOW WATER FLOWS
F. DE MELO VIRI´SSIMO1 AND P. A. MILEWSKI2
Abstract. In this paper, we focus on the study of a new methodol-
ogy for modelling entrainment in two-layer hydrostatic flows. This is
done by using non-standard conserved quantities instead of the usual
layerwise conservation of mass. We consider here the two-layer shallow
water model in the more general non-Boussinesq case. After stating the
problem, we show that any conservation law for this problem can be
found as a solution of a nonlinear PDE, and we use this result to write
some conserved quantities for the system. The physical relevance of
each of these conservation laws is discussed. Two cases are then stud-
ied numerically: the first is a non-entrainment scenario, where we con-
sider the conservation of mass and the conservation of a new ‘weighted’
circulation. In the second scenario we replace the conservation of mass
by conservation of energy, which allows entrainment and exchange be-
tween the layers. Extensions and further developments are discussed
at the end.
1 Introduction
Stratified flows (i.e., flows whose density varies in the vertical) are ubiquitous in
nature and their dynamics is responsible for a large part of observed atmospheric
and oceanic phenomena [Whi74], [CRB11]. One important aspect in stratified
flows is the existence of internal wave motion due to the restoring force of buoy-
ancy [Lon56], [SO98]. Waves will propagate energy without appreciable net fluid
transport, and therefore are important in the energy balance of climate studies.
Mathematical studies of these are particularly important, since wave motion tends
not to be resolved by most numerical climate models due to their fast scales, and
thus need to be understood and parameterized [RSG10]. Yet smaller scale events
1Department of Mathematical Sciences, University of Bath, UK. e-mail:
F.de.Melo.Virissimo@bath.ac.uk.




such as wave breaking can be missed altogether. These events mix the underlying
fluids and affect the medium in which the waves are propagating [WTM12].
Two natural mathematical questions pose themselves for the case of internal
waves in stratified fluids. First, whether the evolution is “well-posed” or “stable”.
In particular, in models that allow for some shear, there is the question whether
the shallow water models are governed by hyperbolic (i.e. well-posed) or elliptic
(i.e. ill-posed as an initial value problem) equations, and whether the evolution
of the solution can cause a transition from one type to the other. (Ill-posedness
in these models can be shown to arise from a form of the the Kelvin-Helmholtz
instabilities, hence sometimes the hyperbolic behaviour is called “stable” and the
ill-posedness “unstable”.) Second, if the evolution is hyperbolic, the solutions are
expected to break. The question then arises as to how to extend the solution
in a physically relevant way past the breaking time, that is to understand the
propagation of discontinuities (shocks).
Figure 1: Schematic representation of the two-layer problem.
One of the simplest models for layered stratified flows is the two-layer shallow
water model, described schematically in Figure 1. In the so-called Boussinesq
case (when the density difference contributes only in the buoyancy effects), the
















where h = h2 − h1 (difference of layer thickness) and w = u2 − u1 for the (shear
stress between the layer) and the system was rescaled so that H = (h1 +h2)/2 = 1
and (ρ1 + ρ2)/2 = 1. This model was proven to be nonlinear stable (or well-posed
in the Hadamard sense): solutions that are initially hyperbolic evolve as such until
they break [MTT+04], as shown in Figure 2.
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Figure 2: Typical solution of (1.1)-(1.2) up to breaking time; on the left, h and
w are shown in physical space at various times. On the right, the evolution is
shown in the phase space together with the boundary of the hyperbolic region.
Reproduced with permission from Boonkasame et al. [BM11].
The task is then to follow a solution after the breaking time. As a solution
breaks, it loses smoothness and no longer satisfies the differential equations above.
Although one can continue it as a solution of the integral, or ‘weak’, formulation,
there are usually several choices as the integral formulation does not admit a unique
solution in general [LeV02], [Smo94]. Hence, the question of how to continue the
solution after a wave breaks. This is an important question and its resolution must
include some additional information usually in the form of physical constraints.
There is an accepted solution to this in shallow water hydraulics (hydraulic jumps),
but this is not the case for internal waves [MJT08], [RKBM11], [Fri17].
A possible answer to this problem was given in [MT15], based on the choice
of conservation laws that allow for entrainment. In their case, the layerwise con-
servation of mass was replaced by conservation of energy, and the conservation of
total momentum was replaced by conservation of circulation. Figure 3 shows, as
an example, the comparison of an entrainment solution and a solution that does
not allow it, in the case of a two-layer shallow water flow with a free surface under
the Boussinesq approximation [MT15].
Any conservation law q(h,w) of (1.1)-(1.2) can be found as solutions of the
PDE [MT15]
(1− w2)qww − (h2 − 1)qhh = 0. (1.3)
A consequence of (1.3) is that the two-layer Boussinesq system has an infinite
number of conservation laws and although many of these might not have physical
meaning, the choosing of possible closures among this infinite number available for
the system is highly non-trivial.
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Figure 3: Lock-exchange in the two-interface flow. Comparison of entraining and
non-entraining cases. In all panels the dashed line is the non-entraining case and
the solid line is the entraining case. The upper panel shows the final interfacial
shapes. The middle and lower panels show the resulting total volume of the lower
layer and total energy of the system, respectively. Reproduced with permission
from Milewski et al. in [MT15].
1.1 Outline of the paper
The aim of this paper is to follow the aforementioned approach to study the dis-
continuous shock solutions of the two-layer shallow water non-Boussinesq model.



























with h and w as in the Boussinesq case and r = (ρ1− ρ2)/2 ≥ 0 being the average
difference of densities, often referred as an Atwood number [Bai95]. Note that,
in the limit r −→ 0, the Boussinesq equations (1.1)-(1.2) are recovered. For this
reason, we shall refer to this as the Boussinesq limit. In general, the non-Boussinesq
model results in nonlocal equations. The equations above are local and are valid
only when no flux condition are imposed at the boundaries.
Contrary to Equations (1.1)-(1.2), the non-Boussinesq system (1.4)-(1.5) is
not always nonlinearly stable: this means that wave-like solutions can leave the
hyperbolic region before a shock occurs, as shown in Figure 4 [BM11].
Although this loss of hyperbolicity might happen for a general solution, it is
possible to construct invariant regions inside the hyperbolic domain in which the
4
79
Figure 4: Sloshing solution of (1.4)-(1.5) for r = 0.5 with initial data near bound-
aries of the hyperbolic region; the numerical solution is of course unreliable out-
side the hyperbolic region. Reproduced with permission from Boonkasame et
al. [BM11].
system is nonlinearly stable [BM11]. This is done through the use of simple waves,
as these possesses the property that a general solution cannot cross a simple wave
transversally [CT10]. Hence, a solution trapped in a region bounded by simple
waves will never leave this region and will propagate until it breaks. In this paper,
we are interested in investigating the behaviour these solutions once they break
and lose smoothness.
The paper is divided as follows. In Section 2, the conservation laws for the
non-Boussinesq system are discussed. In particular, we derive an equivalent of
Equation (1.3) for the system (1.4)-(1.5). We then use this new PDE to find
conservation laws and discuss the many possible conservation laws to choose. We
then use this apparatus in Section 3, in order to conduce a numerical study of
the weak solutions of the system (1.4)-(1.5). For the numerical studies of shock
solutions, we implement a Godunov-type finite volume scheme [LeV02] proposed
by Kurganov et al. in [KNP01].
2 Conservation laws for the non-Boussinesq sys-
tem
The two-layer non-Boussinesq model discussed in this work is a quasi-linear 2× 2
system of PDEs which, by Equations (1.4) and (1.5), can be written as
Ut + A(U)Ux = 0, (2.1)
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where U = (h,w)T and
A(U) =
 −hw 1− h
2
2





As observed in [MT15], one can find an analogous of Equation (1.3) for the non-
Boussinesq system through the following proposition.
Proposition 2.1 ([MT15]). A general 2× 2 system of equations of the form
ut + aux + bvx = 0, (2.3)
ut + cux + dvx = 0 (2.4)
has a conservation law q(u, v) satisfying
(q(u, v))t + (F (u, v))x = 0 (2.5)
if, and only if F (u, v) is of class C2 and q(u, v) is a solution of
(aqu + cqv)v − (bqu + dqv)u = 0, (2.6)
Proof. Expanding the conservation law (2.5) gives
quut + qvvt = −(Fuux + Fvvx).
Replacing Equations (2.3), (2.4) into that gives
(aqu + cqv)ux + (bqu + dqv)vx = Fuux + Fvvx.
Hence, if F is of class C2, then Fuv = Fvu. Therefore,
(aqu + cqv)v = (bqu + dqv)u,
and (2.6) follows. The converse can be proven in a similar fashion.
A similar result holds for a n×n system of PDEs. This result is presented and
discussed in Appendix A, where it is shown that for n ≥ 3 the resulting system is
in general overdetermined, as it gives two or more equations for the only unknown
q(u, v).
Corollary 2.1. A function q(h,w) of class C2 is a conservation law for the sys-





















It follows from this corollary that the system has an infinite number of conser-
vation laws. It is important to notice that this is not the case with the two-layer
free surface model discussed in [MT15], as it was proven that it admits only 6
linearly independent conservation laws [Bar06].
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2.1 Possible choices of conservation laws
Note that Equation (1.4) is written in a conservative form, where the quantity
q(h,w) = h states the conservation of volume. Since the density on each layer is
constant, the conservation of volume is equivalent to the conservation of mass.
On the other hand, the system does not conserve the circulation w as shown
by Equation (1.5). However, this equation can be rewritten in a conservative form
as the quantity q(h,w) = w(1− rh) is conserved. This new quantity can be seen












It follows from the PDE (2.7) that, for example, q(h,w) = w(1− rh)2, (1− rh)hw
and (1− r2h2)w are also conserved. Note that the non-Boussinesq rigid lid model
in general does not conserve total horizontal momentum [CCF+12], [dMVM17].
The total energy is given by
E(h,w) = −1
4
(1− h2)(1− w2)− rhw
2
4
(1− h2) + h
2
. (2.9)
The respective conservation law is given by
Et +
(










In this section, we present the results of numerical studies performed for shock
solutions of the two-layer model. First, we discuss the case of a dam-break initial
solution for the system given by Equations (1.4) and (2.8), where both volume h
and the weighted circulation w(1− rh) are conserved. Following this, we suggest
an alternative scenario, where the conservation of volume is replaced by the con-
servation of energy, given by Equation (2.10), which allows entrainment and the
mixing between layers.
3.1 Details of the method
In order to solve Equations (1.4) and (2.8), as well as Equations (2.8) and (2.10), we
use a semidiscrete central-upwind scheme for one-dimensional conservation laws,
proposed by Kurganov et al. in [KNP01].
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Notation. Here we consider only uniform grids (tn, xj) with grid-size (∆t,∆x),
where
tn = n∆t, xj = j∆x, xj± 1
2
= (j ± 1/2)∆x. (3.1)
We also denote the solution evaluated at the nodes as unj = u(xj, t
n).
The starting point for this scheme is the equivalent integral formulation of the
conservation law
uj +∇x · f(u) = 0, (3.2)
which is given by




















u(η, t)dη and I(x) = {η : |η − x| < ∆x/2} . (3.4)
Polynomial reconstruction. At time level t = tn, we consider the problem
above with the piecewise polynomial initial condition
u˜(x, tn) = pnj (x), where xj− 1
2
< x < xj+ 1
2
, (3.5)
for all j, obtained from the cell averages unj = u(xj, t
n), computed at previous time
step. Here, u˜ is the initial condition of the system. Note that this polynomial re-
construction should be conservative, non-oscillatory and accurate (up to a certain
order). As second-order schemes require only a piecewise linear reconstruction, we
will be implementing these for simplicity.
The method. We start with a piecewise polynomial reconstruction (of any order),
with possible discontinuities at the interface points {xj+ 1
2



































































denotes the right- and left-sided local speeds respectively,






















) {λ1 (Jf(ω))} , (3.9)





















Remark 3.1. The semi-discrete scheme above is a system of time-dependent ODEs,
which can be solved by any stable ODE solver.
Remark 3.2. As noticed in [KNP01], this method has the characteristic of a
Godunov-type central scheme, which is based on exact evolution and averaging
over Riemann fans, and as such it does not employ Riemann solvers and charac-
teristic decomposition. Such distinctive feature makes this method a universal,
simple and efficient tool for a variety of problems. In addition, it has a very low
dissipation and consequently can achieve a very high resolution.
3.2 Conservation of volume and weighted circulation: a
non-entrainment but dissipative scenario



















where h stands for volume and w(1− rh) gives the weighted circulation as stated
previously. In all our simulations, a grid of N = 400 grid points and a time step
∆t = 0.4 are used. At the lateral boundaries, conditions modelling a vertical wall
were imposed. All solutions are shown at times tn = n∆t, with n = 0, ..., 6.
Figures 5 to 8 show the evolution of a dam-break shock initial solution [EP11]
for the system above, for a Boussinesq parameter r = 0.1 and r = 0.5 respectively.
In all of these, the initial condition is given by h = 1 if x < 0, h = −1 if x > 0
and w = 0.
In Figures 5 and 7 we can see the evolution of the interface h1 and the lower
layer horizontal velocity u1, as well as the other relevant quantities h and w.
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Note that while the mass is conserved, energy is being dissipated during the
shock wave propagation. The solution by construction prevents entrainment, and
dissipates energy ensuring that the shock is entropic [Smo94]. This better seen in
Figures 6 and 8 where both total energy and total mass are plotted, together with
the weighted circulation, over time.
Comparatively, we also simulated weaker (step-like) dam-break shock such that
h = −0.2 if x < 0, h = −0.8 if x > 0 (or equivalently h1 = 0.4 if x < 0, h1 = 0 if
x > 0), with the same initial shear w = 0. As shown in Figures 9 and 10, a similar
behaviour occurs.
A modified ‘smooth’ version of the dam-break problem is also considered in
this study. Figures 11 and 12 show the evolution of a smooth wave-like initial
condition for the system, in the case r = 0.5. We note that while the solution
starts smooth, a shock arises and is propagated in finite time. After the shock





























Figure 5: Dam-break problem in a two-layer non-Boussinesq flow, with r = 0.1.
This figure shows a non-entrainment scenario, where the mass is conserved.
10
85














































Figure 7: Dam-break problem in a two-layer non-Boussinesq flow, with r = 0.5.
This figure shows a non-entrainment scenario, where the mass is conserved.
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Figure 9: ‘Smooth’ Dam-break problem in a two-layer non-Boussinesq flow, with
r = 0.5. This is a non-entrainment scenario, with mass being conserved.
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Figure 11: Evolution of a smooth wavelike in a two-layer non-Boussinesq flow,
with r = 0.5, followed before and after breaking in non-entrainment scenario.
13
88


















Figure 12: Mass, total energy and weighted circulation for the solution in Figure 11.
3.3 Conservation of energy and weighted circulation: an
entrainment scenario
Alternatively, we could consider the case where energy is conserved instead of


























(1− h2)(1− w2)− rhw
2
4
(1− h2) + h
2
.
With conservation of mass not imposed a priori, the system allows entrainment:
instead of dissipating energy, fluid from one layer entrains into another layer. In
order to solve this system, it is necessary to compute the variables h and w from
w(1−rh) and E, which can be done numerically by implementing a Newton solver.
This part is work in progress and will appear in the final version of this paper.
4 Conclusions
This paper presented a study of non-smooth solution of a two-layer shallow water
model in the non-Boussinesq case. A novel strategy to follow such solutions is
14
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introduced and applied to the this solution system for a range of different initial
conditions, for several values of the density differences r. This was done for the
physical case where no entrainment occurs, so that the volume (and consequently
the mass) of each layer were preserved. It was noted that, although the mass
was being conserved, the energy was dissipated during the evolution and therefore
it is not conserved after a shock. We then proposed and discussed an alterna-
tive possibility, where the conservation of mass was replaced by conservation of
energy, which is another case of physical relevance. This latter extended to a
non-Boussinesq scenario the study of Milewski et al. in [MT15].
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Appendix A - Conservation laws for a n×n system
One of our aims in future is to extend this study to the realm of three-layer shal-
low water flows, which requires the knowledge of physically relevant quantities
conserved by the model. For this purpose, we present below a extension of Propo-
sition 2.1 for the case of an n-dimensional quasilinear system of PDEs.
Theorem 4.1 (Conservation laws for a n× n system). A general n× n system of





with aij = f(u1, ..., un, x, t) permits conservation laws for q satisfying
(q(u1, ..., un))t + (Q(u1, ..., un))x = 0
if and only if
Fui,uj = Fuj ,ui







In particular, for a general 4× 4 system of the form
h1,t + a1h1,x + b1h2,x + c1u1,x + d1u2,x = 0,
h2,t + a2h1,x + b2h2,x + c2u1,x + d2u2,x = 0,
u1,t + a3h1,x + b3h2,x + c3u1,x + d3u2,x = 0,
u2,t + a4h1,x + b4h2,x + c4u1,x + d4u2,x = 0,
which is the case of a three-layer shallow water flow [dMVM17] we have that
Fh1 = a1qh1 + a2qh2 + a3qu1 + a4qu2 ,
Fh2 = b1qh1 + b2qh2 + b3qu1 + b4qu2 ,
Fu1 = c1qh1 + c2qh2 + c3qu1 + c4qu2 ,
Fu2 = d1qh1 + d2qh2 + d3qu1 + d4qu2 ,
and the conditions are
Fh1,h2 = Fh2,h1 ,
Fh1,u1 = Fu1,h1 ,
Fh1,u2 = Fu2,h1 ,
Fh2,u1 = Fu1,h2 ,
Fh2,u2 = Fu2,h2 ,
Fu1,u2 = Fu2,u1 .





This corresponds to 1 equation to a two-layer model, and 6 equations for a three-
layer model as shown above. Therefore, for n ≥ 3, the resulting system is overde-
termined.
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The modelling of shock solutions for the two-layer shallow water non-Boussinesq equa-
tions was considered. This novel approach was discussed in Section 1 and used in the
later sections to study the mixing and entrainment phenomena that originate from
shock waves. We focused on two main scenarios: one with mass conservation and
energy dissipation; and another where energy was conserved, allowing mass to be ex-
changed between the layers. The former was numerically studied for several initial
shock conditions, and for different choices of r, which extends the work from [MT15]
to the more general non-Boussinesq case. Simulations for the latter case will be part
of the submitted manuscript.
A question that remains unanswered and that worth attention is the of mixing in




In this thesis, we considered the dynamics and stability aspects of multilayered shallow
water flows, in the cases of various two- and three-layer configurations. Both models
were formulated and their governing equations were derived in the more general non-
Boussinesq case.
In Chapter 2, we focused on the evolutionary properties of the three-layer shallow
water model, in the simpler Boussinesq case. We showed that these equations are local
in contrast to the non-Boussinesq case, which are non-local and consequently do not
conserve momentum, even in the absence of external forces (the so-called “Benjamin-
Camassa paradox”). The existence of mode one and mode two waves was remarked and
it was shown that the latter constitutes a two-dimensional invariant subspace in the full
phase space (which has dimension 4). This result motivated a new change of variables,
in which this mode 2 symmetry became clear. From there, one could use simple waves
to find individual mode 1 waves, even though these do not lie in an invariant space. We
attempted to construct such invariant regions through simple waves and, although they
were shown not to exist, we found that reduced two-dimensional models approaches
these mode 1 waves quite well. The same was shown to be true for mode 2 waves and
these models were compared to the full system through numerical simulations, with an
excellent agreement.
In Chapter 3, we explored the dynamics and stability of a two-and-a-half-layer
model, focusing on the case where the upper layer density is negligible, also known
as the free surface case. It was shown that in this configuration, the stability of the
resulting 4×4 system depends only on two ‘baroclinic’ variables, in the same way as the
two-layer rigid lid model does. We use this fact to restrict our attention only to a two-
dimensional projection of the phase space, being this enough to monitor the stability
of the system. This result also motivated a change of variables in which the resulting
system is written in terms of the two ‘baroclinic’ variables and the two ’barotropic’
variables, and which the characteristic polynomial (and therefore the hyperbolicity)
depends only on the baroclinic variables. We then discussed the use of simple waves
as a tool to find sharp bounds for solutions, as well as invariant subspaces where the
nonlinear stability could be better studied.
Finally, in Chapter 4 we considered the study of waves after breaking, also called
shock solutions. A conservation laws based methodology was discussed, which allows
one to study the overall effect of mixing and entrainment without looking into the
small scales of the phenomenon. We applied this methodology to study shock waves in
a two-layer shallow water flow between two rigid walls, in the non-Boussinesq case. Two
scenarios were considered and numerical simulations were performed and discussed.
5.1. Further work
The work presented in this thesis leads to a number of questions of immediate interest
on the subject of multilayered stratified flows.
It remains as a main task to prove whether there are sharp bounds or not for
the three-layer shallow water Boussinesq equations discussed in Chapter 2. In such
an investigation, the reduced ‘modal’ models proposed there can useful. Being two-
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dimensional models, one could find sharp bounds for these in the plane and then project
them back, giving approximate locations for such invariant hyperbolic regions, in case
they exist. Another immediate task would be to study the dynamics of the non-
Boussinesq case and compare it to the results presented in the paper for the Boussinesq
case.
For two-layer flows with a free surface, it would be interesting to see how the
transition to the elliptic regime occurs. Figure 4 in Chapter 3 suggests that only the
baroclinic (internal) modes become complex, and this might be possible to prove by
looking at the characteristic polynomial given in Theorem 3.1. Also, one could use
the change of variables given by this theorem, in combination with simple waves, to
investigate the existence of approximate baroclinic subspaces, that would be given by
H ≈ constant.
Another immediate direction for research is to explore the conservation laws method-
ology for shock solutions in the context of a three-layer flow in both Boussinesq and
non-Boussinesq cases. This could be then compared to other models, as well as to
experiments, in order to validate the approach.
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